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Stouc GoneÐc mou... Gia thn upomon  kai thn allhleggÔh touc.
2
PerÐlhyh
To algebrikì Interacting Boson Model (prìtupo allhlepidr¸ntwn mpozonÐwn) kai to sullogikì
prìtupo tou Bohr apoteloÔn dÔo sumplhrwmatikoÔc trìpouc perigraf c thc dom c twn atomik¸n
pur nwn, oi opoÐoi parousizoun poikilÐa sqhmtwn kai dom¸n, apì sfairikoÔc (donhtikoÔc) mèqri
elleiyoeideÐc ek peristrof c (paramorfwmènouc) pur nec, kaj¸c kai pur nec epirrepeÐc se triaxo-
nikèc paramorf¸seic (g-astajeÐc).
Thn teleutaÐa dekaetÐa èqei proselkÔsei idiaÐtero endiafèron h melèth apìtomwn allag¸n sth
dom  pur nwn wc apotèlesma thc bajmiaÐac prìsjeshc zeug¸n netronÐwn. Oi allagèc autèc anafè-
rontai wc llagèc fshc/sq matoc kai èqoun epibebaiwjeÐ peiramatik.
Sthn ergasÐa aut  melet¸ntai arijmhtik oi allagèc fshc/sq matoc sta plaÐsia tou Interacting
Boson Model, estizontac thn prosoq  se ekfulismoÔc pou parousizontai stic perioqèc autèc kai
ston entopismì summetri¸n pou oi ekfulismoÐ autoÐ upokrÔptoun.
Sto pr¸to keflaio dÐnetai mia episkìphsh basik¸n ennoi¸n kai protÔpwn thc purhnik c dom c me
stìqo thn eisagwg  sto Interacting Boson Model. Sto deÔtero keflaio perigrfontai oi allagèc
fshc/sq matoc sta plaÐsia tou sullogikoÔ protÔpou tou Bohr, en¸ sto trÐto keflaio melet¸ntai
oi allagèc fshc/sq matoc sta plaÐsia tou Interacting Boson Model, me qr sh tou k¸dika IBAR, o
opoÐoc anaptÔqjhke prìsfata sto Panepist mioYale kai epitrèpei upologismoÔc gia meglouc (mèqri
400) arijmoÔc mpozonÐwn, pou eÐnai aparaÐthtoi gia th melèth aut¸n twn fainomènwn. Sto keflaio
4 gÐnetai mia sÔntomh episkìphsh thc algebrik c dom c twn sqetik¸n protÔpwn kai entopÐzontai
probl mata pou paramènoun anoiqt.
Ta spoudaiìtera apotelèsmata sthn krÐsimh perioq  tou Interacting Boson Model sunoyÐzontai
wc ex c:
1) Oi katastseic 0+ emfanÐzoun kanonik  sumperifor (aÔxhsh wc n(n + 3), ìpou n h txh
touc), Ðdia me aut  pou entopÐsthke analutik sta plaÐsia twn summetri¸n krÐsimou shmeÐou thc
Qamiltwnian c tou Bohr kai diaforetik  apì thn grammik  aÔxhsh pou emfanÐzetai stic gnwstèc
summetrÐec tou Interacting Boson Model.
2) Epiplèon autèc oi katastseic 0+ emfanÐzoun ekfulismoÔc me katastseic thc z¸nhc thc
jemeli¸douc katstashc me stroformèc L > 4 kai L=2 perittì arijmì (E(0+2 ) = E(6
+
1 ), E(0
+
3 ) =
E(10+1 ), E(0
+
4 ) = E(14
+
1 ), k.o.k.).
3) Epiprosjètwc o lìgoc E(6+1 )=E(0
+
2 ) mporeÐ na qrhsimopoihjeÐ wc (eÔkola metr simh) par-
metroc txhc pou mporeÐ na knei dikrish anmesa se allagèc sq matoc/fshc pr¸thc kai deÔterhc
txhc.
'Ena shmantikì prìblhma pou paramènei luto eÐnai h fÔsh thc summetrÐac krÐsimou shmeÐou X(5),
h opoÐa qarakthrÐzei thn allag  fshc/sq matoc metaxÔ sfairik¸n kai elleiyoeid¸n ek peristrof c
3
pur nwn.
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AntÐ prolìgou
H ergasÐa aut  ekpon jhke sto plaÐsio tou metaptuqiakoÔ progrmmatoc spoud¸n tou EMP kai
tou EKEFE Dhmìkritoc, " Fusik  kai Teqnologikèc Efarmogèc ", upì thn epÐbleyh trimeloÔc
epitrop c me prìedro ton Anapl. Kajhght  tou E.M.P. Ge¸rgio KoutsoÔmpa kai mèlh ton Anapl.
Kajhght  tou E.M.P. KwnstantÐno Papadìpoulo kai ton ereunht  A' tou E.K.E.F.E. Dhmìkritoc
DionÔsio Mpontso, touc opoÐouc euqarist¸. H didaskalÐa miac mejìdou ergasÐac, h mÔhsh stic
algebrikèc mejìdouc, ìpwc epÐshc kai h pareqìmenh eleujerÐa mou kat th dirkeia aut c thc
ergasÐac proèkuyan apì th kajhmerin  allhlèpÐdrash me to DionÔsh Mpontso kai apoteloÔn
kpoia apì ta stoiqeÐa gia ta opoÐa ofeÐlw na ton euqarist sw jerm.
'O,ti parousizetai sto trÐto keflaio apoteleÐ kommti ergasÐac sto opoÐo èqei asqolhjeÐ lÐgo
èwc polÔ ìlh h omda tou DionÔsh Mpontsou sto IPF tou Dhmìkritou. Sto plisio autì ofeÐlw
na euqarist sw ton kajhght  tou PanepisthmÐou Yale, Richard F. Casten kai ton metadidaktorikì
ereunht  tou Lawrence Livermore National Laboratory, Robert J. Casperson gia thn paraq¸rhsh
tou k¸dika IBAR, kai tic pollèc qr simec suzht seic. OfeÐlw epÐshc na euqarist sw th sundelfì
mou, upìtrofo tou EKEFE <<Dhmìkritoc >>, SofÐa Karampgia gia th kajod ghsh sth qr sh tou
k¸dika IBAR. H allhleggÔh thc ja eÐnai pnta èna shmeÐo anaforc gia touc kairoÔc twn kaniblwn
pou dianÔoume.
EpÐshc euqarist¸ to E.K.E.F.E. Dhmìkritoc gia thn metaptuqiak  upotrofÐa pou mou parèqei,
qwrÐc thn opoÐa h ekpìnhsh aut c thc ergasÐac ja  tan adÔnath, kaj¸c kai to InstitoÔto Purhnik c
Fusik c gia thn paroq  twn anagkaÐwn sunjhk¸n ergasÐac.
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Keflaio 1
Prìtupa purhnik c dom c
1.1 Armonikìc talantwt c
H deÔterh kbntwsh apoteleÐ th gl¸ssa tou protÔpou twn allhlepidr¸ntwn mpozonÐwn thc purhni-
k c dom c. O q¸roc Fock tou protÔpou anaparist armonikì talantwt  èxi bajm¸n eleujerÐac. H
parousÐa bajm¸n eleujerÐac epiplèon tou enìc eisgei nèouc telestèc ra kai nèa fusik megèjh.
To fusikì touc perieqìmeno anadÔetai apì tic summetrÐec pou diathroÔn   parabizoun. Oi summetrÐ-
ec anadÔontai apì th majhmatik  mhqan  twn algebr¸n-Omdwn Lie. Prokeimènou na omalopoihjeÐ
h eisagwg  touc h anaskìphsh xekin apì touc telestèc thc monodistathc perÐptwshc.
1.1.1 Mpozonikìc talantwt c enìc bajmoÔ eleujerÐac
To fusikì sÔsthma tou monodistatou armonikoÔ talantwt  orÐzetai apì th sunrthsh tou Qmil-
ton,
H =
p2
2m
+
1
2
mw2x2: (1.1)
H kbntwsh thc anwtèrw sunrthshc sunÐstatai sthn epibol  thc sqèshc metjeshc sth jèsh
kai thn orm 
[x; p] = i~; (1.2)
opìte ta fusik megèjh thc jèshc, orm c kai enèrgeiac anaparÐstantai apì touc antÐstoiqouc
telestèc. To apotelèsma thc kbntwshc tou armonikoÔ talantwt  eÐnai h parousÐa diakrit¸n ka-
tastsewn thc enèrgeiac kaj¸c kai h basik  tou katstash pou antistoiqeÐ sthn enèrgeia tou
mhdenikoÔ shmeÐou.
Se kje katstash antistoiqeÐ mia kumatosunrthsh kai sunolik ìlec mazÐ domoÔn to q¸ro
Hilbert tou sust matoc o opoÐoc perigrfei pl rwc th dunamik  tou. Anakal¸ntac to fainìmeno
tou kumatoswmatidiakoÔ duismoÔ ìpwc sth perÐptwsh hl/m kÔmatoc kai fwtonÐou, èna epiplèon
b ma kbntwshc mporeÐ na pragmatopoihjeÐ. Autì kaleÐtai deÔterh kbntwsh kai orÐzetai apì touc
telestèc,
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a =
r
mw
2~
(x+
i
mw
p); ay =
r
mw
2~
(x  i
mw
p) (1.3)
To basikì qarakthristikì thc deÔterhc kbntwshc eÐnai to ex c. Mia diegermènh n ost  ka-
tstash armonikoÔ talantwt  eÐnai tautìshmh me th parousÐa n ton arijmì mpozonÐwn. ToÔto
anaparÐstatai apì th drsh twn telest¸n dhmiourgÐac ay kai katastrof c a sth basik  tou kat-
stash. H teleutaÐa tautÐzetai me thn apousÐa mpozonÐwn (n = 0) kai baftÐzetai wc h katstash tou
kenoÔ j0i. H drsh twn telest¸n sto kenì antanakl th diègersh tou talantwt  kai orÐzetai apì,
ayj0i = j1i; aj0i = 0; (1.4)
ìpou j1i eÐnai h parousÐa enìc mpozonÐou, dhlad  h pr¸th diegermènh katstash tou armonikoÔ
talantwt .
Oi drsh touc se mia tuqaÐa diegermènh katstash orÐzetai apì
ayjni = pn+ 1jn+ 1i; ajni = pnjn  1i; (1.5)
en¸ mia diegermènh n ost  katstash orÐzetai apì,
jni = (a
y)np
n!
j0i: (1.6)
Oi parapnw katastseic mporoÔn na jewrhjoÔn wc bsh gia thn anaparstash twn fusik¸n
megej¸n sth deÔterh kbntwsh. O q¸roc pou domoÔn onomzetai Fock.
H mètrhsh tou pl jouc twn mpozonÐwn se mÐa tuqaÐa katstash brÐsketai apì th drsh tou
telest  pl jouc N = aya,
N jni = ayajni = njni: (1.7)
Apì to telest  plhjusmoÔ pargetai kai h qamiltonian  tou talantwt :
H = ~w(aya+
1
2
): (1.8)
Apo ta parapnw sungontai oi sqèseic metjeshc twn telest¸n ay, a
[a; ay] = 1; [a; a] = 0; [ay; ay] = 0: (1.9)
H teleutaÐa sqèsh perièqei ìlec tic plhroforÐec gia th majhmatik  dom  thc bshc pou qrh-
simèuei sthn anaparstash thc dunamik c tou armonikoÔ talantwt . H lgebra Lie pou kleÐnoun
oi telestèc dhmiourgÐac kai katastrof c tou armonikoÔ talanttwt  eÐnai h u(1) me genn tora kai
telest  Casimir parllhla to plhjusmì twn mpozonÐwn
C(u(1)) = aya: (1.10)
'Ara h summetrÐa tou armonikoÔ talantwt  èqei na knei me to plhjusmì. Sto monodistato èqou-
me mÐa katstash kai ìs mpozìnia th katoik soun h summetrÐa thc u(1) diathreÐtai. H qamiltonian 
pargetai apì to polu¸numo thc dunamik c summetrÐac u(1),
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H = E0 + aC(u(1)) = ~w=2 + ~waya: (1.11)
H antapokrinìmenh omda Lie eÐnai h U(1), pou qarakthrÐzei th summetrÐa twn strof¸n sto
migadikì epÐpedo,   alli¸c miac migadik c distashc .
H migadik  metablht   orÐzetai wc
 = x+ ip = jjei: (1.12)
O armonikìc talantwt c diagrfei sto q¸ro twn fsewn kÔklo me aktÐna monda,
jj = jjjj = 1 (1.13)
H summetrÐa U(1) dhl¸nei pwc ìlec oi diegèrseic tou armonikoÔ talantwt  brÐskontai sto mona-
diaÐo kÔklo tou q¸rou twn fsewn. Ed¸ brÐsketai kai h afethrÐa thc kbantik c statistik c ìpou
h sunèleush twn mpozonÐwn pragmatopoieÐtai bsei tou katastatikoÔ thc U(1), kai ètsi plhjusmoÐ
mpozonÐwn katoikoÔn monoswmatidiakèc (enìc bajmoÔ eleujerÐac) katastseic.
SÔmfwnec katastseic thc H4
'Oloi oi parapnw telestèc faya; ay; a; 1g, lambanìmenou tou tautotikoÔ kai tou pl jouc ikano-
poioÔn tic akìloujec sqèseic metjeshc [1],
[aya; ay] = ay; [aya; 1] = 0; [aya; a] = a; [ay; 1] = 0; [a; ay] = 1; [aya; 1] = 0; (1.14)
pou kleÐnoun thn lgebra Heisenberg-Weyl h4. Apì tic parapnw sqèseic parathroÔme ìti h,
[aya; 1] = 0; (1.15)
orÐzei xan mia morf  u(1) ìpou lìgw kai thc parousÐac tou 1 h antapokrinìmenh omda eÐnai h
U(1)U(1). H ekjetikopoÐhsh sth geitoni tou tautotikoÔ stoiqeÐou gia to monodistato armonikì
talantwt  pargei to pio genikì metasqhmatismì thc U(1) U(1),
h = exp(iaya+ i'1); (1.16)
kai sunist thn anaparstash thc U(1) U(1).
'Otan o metasqhmatismìc autìc drsei sto kenì j0i ja to af sei analloÐwto me mia diafor
fshc,
hj0i = j0iei: (1.17)
Oi metasqhmatismoÐ autoÐ sugkrotoÔn thn omda summetrÐac tou kenoÔ kai kaleÐtai stability
group.
An ta stoiqeÐa thc h4, faya; 1g ekjetikopoioÔntai sth morf  (1.16) tìte ta upìloipa stoiqeÐa
fay; ag ja grfontai wc dianÔsmata Lie sto s¸ma shmeÐwn thc omdac H4 me th morf ,
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ay; a: (1.18)
T¸ra èna genikì stoiqeÐo g thc H4 ja dèqetai thn aposÔnjesh,
g = Dh; (1.19)
ìpou an g 2 H4, exìrismoÔ apì th jewrÐa omdwn (dec sÔmploka)
D 2 H4
U(1) U(1) : (1.20)
H anaparstash thc H4U(1)U(1) sto migadikì epÐpedo orÐzetai apì touc metasqhmatismoÔc,
D() = exp(ay   a): (1.21)
Oi metasqhmatismoÐ autoÐ prokaloÔn peperasmènec metatopÐseic
D 1()aD() = a+ 
D 1()ayD() = ay + ;
(1.22)
pou sunistoÔn èna klassikì ìrio gia to q¸ro Fock, pou eÐnai o q¸roc twn fsewn  = q + ip.
Plèon to kenì metasqhmatÐzetai ktw apì th drsh tou metasqhmatismoÔ thc H4 wc,
gj0i = D()hj0i = D()j0iei  jiei: (1.23)
H teleutaÐa isìthta apoteleÐ ton orismì twn sumf¸nwn katastsewn mèsw thc algebrik c je-
¸rhshc. Oi peperasmènec metatopÐseic tou kenoÔ,
ji = D()j0i; (1.24)
mporoÔn na eÐnai klassikèc an o arijmìc twn mpozonÐwn teÐnei sto peiro, giutì kai oi sÔmfwnec
katastseic orÐzontai kai wc idiokatastseic tou telest  katastrof c,
aji = ji: (1.25)
O orismìc tou q¸rou twn fsewn eÐnai efiktìc an kai mìno an oi katastseic autèc elaqisto-
poioÔn thn aprosdioristÐa jèshc orm c,
hjqji = hjpji = 1
2
: (1.26)
1.1.2 Mpozonikìc talantwt c dÔo bajm¸n eleujerÐac
Ta parapnw isqÔoun sth perÐptwsh tou enìc bajmoÔ eleujerÐac. Sth perÐptwsh twn dÔo ìpwc pq
se dic distato armonikì talantwth, telestèc dhmiourgÐac kai katastrof c ja orÐzontai ìqi mìno
gia tic kanonikèc suntetagmènec fx; pxg alla kai gia tic fy; pyg. 'Ara eisgontai telestèc gia ta
mpozìnia fax; ayxg kai fay; ayyg pou ikanopoioÔn tic akìloujec sqèseic metjeshc [2]:
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[ax; a
y
x] = 1; [ax; ax] = 0; [a
y
x; a
y
x] = 0; (1.27)
[ay; a
y
y] = 1; [ay; ay] = 0; [a
y
y; a
y
y] = 0; (1.28)
[ax; a
y
y] = 0; [ax; ay] = 0; [a
y
x; a
y
y] = 0: (1.29)
Oi parapnw sqèseic grfontai se pio komy  morf  gia opoiesd pote dÔo katastseic i; j wc,
[ai; a
y
j ] = ij ; [ai; aj ] = 0; [a
y
i ; a
y
j ] = 0: (1.30)
'Ara mia diegermènh katstash tou didistatou sust matoc ja dÐnetai apì th katstash
jni; nji =
(ayi )
ni(ayj)
njp
ni!nj !
j0i: (1.31)
O plhjusmìc twn mpozonÐwn ed¸ metafrzetai ston arijmì katlhyhc ni thc katstashc i kai
nj thc katstashc j. Sthn orismènh plèon bsh tou q¸rou Fock mporoÔn na oristoÔn oi fusikoÐ
telestèc. Ormìmenoi apì th perÐptwsh tou monodistatou paÐrnoume ìlec tic dunatèc peript¸seic
kataskeu c di-grammik¸n ginomènwn:
ayiai; a
y
iaj ; a
y
jaj ; a
y
jai: (1.32)
O pr¸toc kai o trÐtoc eÐnai oi telestèc arijmoÔ katlhyhc twn katastsewn ikai j antÐstoiqa.
Gia th diereÔnhsh thc lgebrac pou kleÐnoun oi telestèc tou didistatou armonikoÔ talantwt 
ekmetaleuìmaste th pio genik  sqèsh metjeshc gia thn lgebra Lie,
[ayiaj ; a
y
kal] = jka
y
ial   ilaykaj : (1.33)
An exetsoume tic sqèseic metjeshc ìlwn twn digrammik¸n ginomènwn ta apotelèsmata eÐnai
grammikoÐ sunduasmoÐ touc. AntÐ na èqoume xèmparka ta ginìmena anagnwrÐzoume ìti kleÐnoun thn
lgebra u(2). Peraitèrw ìpwc deÐqnetai paraktw h diereÔnhsh twn pijan¸n algebr¸n pou kleÐnoun
oi telestèc dhmiourgÐac kai katastrof c anadÔei kai tic metr simec posìthtec (observables) tou
sust matoc.
Q¸roc Fock kai stroform 
To parapnw sÔsthma dÔo katastsewn mporeÐ na qrhsimeÔsei kai gia thn anaparstash tou fu-
sikoÔ megèjouc thc stroform c, troqiak c   spin ìpwc èdeixe o Julian Scwinger [2]. To ginìmeno
ayiaj dhmiourgeÐ èna mpozìnio "pnw en¸ to a
y
jai to antÐstoiqo "ktw". Eujèwc gÐnetai h antistoiqÐa:
J+ = a
y
iaj ; J  = a
y
jai; (1.34)
J3 =
1
2
(ayiai   ayjaj): (1.35)
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Ta enapomeÐnanta digrammik ginìmena sugkrotoÔn to telest  plhjusmoÔ,
bN = ayiai + ayjaj : (1.36)
'Ara apì thn lgebra u(2) twn telest¸n dhmiourgÐac kai katastrof c kataskeusame to isodÔ-
namo sÔnolo fJ+; J ; J3; bNg. Efìson to isodÔnamo sÔnolo deÐqnei stroform , mporeÐ na epiqeirhjeÐ
mian allag  bshc gia thn lgebra u(2) pou ja thn efptei sto q¸ro kpoiwn gwni¸n, arkeÐ na
diathroÔntai oi sqèseic metjeshc. Mia tètoia allag  epitrèpei sto sÔsthma qr sh formalismoÔ
drsewn-gwnÐac. Autìc eÐnai o gnwstìc formalismìc twn mhtr¸n tou Pauli.
Knontac thn kajierwmènh antistoiqÐa apì th jewrÐa thc stroform c,
J+ = J1 + iJ2; J  = J1   iJ2; (1.37)
oi nèoi telestèc dÐnoun tic ex c sqèseic metjeseic,
[J1; J2] = iJ3; [J2; J3] = iJ1; [J3; J1] = iJ2; (1.38)
[ bN; J1] = 0; [ bN; J2] = 0; [ bN; J3] = 0: (1.39)
To sÔnolo twn telest¸n fJ1; J2; J3; bNg mporeÐ na qrhsimopoihjeÐ gia thn anaparstash thc
lgebrac u(2). Oi (1.38,39) kleÐnoun tic Ðdiec sqèseic metjeshc me th stroform . Oi katast-
seic pnw kai ktw pou antiproswpeÔoun oi telestèc fJ+; J g, mporoÔn na deÐqnoun diforouc
kbantikoÔc arijmoÔc ìpwc spin, isospÐn   en gènei dianusmatik fortÐa. H sumperifor tou "autì-
nomou sunìlou fJ+; J ; J3g mèsa sto q¸ro Fock tou sust matoc twn dÔo katastsewn majhmatik
ekfrzetai apì thn eniaÐa graf  tou wc tanust c pr¸thc txhc,
Q(1)m ; m = 0;1; (1.40)
me to m na eÐnai h idiotim  tou J3 h opoÐa sto q¸ro Fock anaparÐstantai wc,
m =
1
2
(Ni  Nj): (1.41)
'Etsi ta stoiqeÐa tou tanust  eÐnai,
Q
(1)
0 = J3; Q
(1)
1 = J: (1.42)
AxÐzei na shmeiwjeÐ ìti to shmeÐo ekkÐnhshc gia tic parapnw antistoiqÐec proèrqetai apì thn
hlektrik  dipolik  rop 
 !
d = dxx^+ dy y^ + dz z^. H epÐdras  thc sto hlektromagnhtikì pedÐo mporeÐ
na anaparistajeÐ apì to tanust  pr¸thc txhc [3],
Q
(1)
0 = idz; Q
(1)
1 = 
ip
2
(dx + idy); (1.43)
Q1m =
X

qr
1

r
4
2  1 + 1Y1m(; ') (1.44)
.
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Ta ntÐstoiqa dianÔsmata kateÔjunshc wc proc ta opoÐa antanakltai h epÐdrash thc stroform c
sth summetrÐa thc kumatosunrthshc eÐnai oi m trec tou Pauli,
~J = jxx + jyy + jzz: (1.45)
oi opoÐec ikanopoioÔn thn lgebra su(2) twn mhtr¸n me orÐzousa 1. H lgebra su(2) eÐnai
isìmorfh me thn lgebra o(3) kaj¸c ikanopoioÔn Ðdiec sqèseic metjeshc. O telest c Casimir thc
su(2) pargetai omoÐwc me thc o(3) wc,
J2 = J2x + J
2
y + J
2
z : (1.46)
Se autì to epÐpedo parathroÔme ìti h dom  thc u(2) perièqei kai thn su(2) kai th u(1) pou
orÐzetai apì to telest  plhjusmoÔ kai deÐqnei to talantwtikì qarakt ra. H dom  aut  dhl¸netai
wc,
u(2) = su(2) + u(1): (1.47)
Sunolik h lgebra u(2) èqei 4 genn torec kai 2 telestèc Casimir. 'Eqoume èna Casimir gia tic
strofèc, J2 kai èna gia to plhjusmì bN . Se mia tètoia summetrÐa oi katastseic thc stroform c
katoikoÔntai apì plhjusmì N mpozonÐwn kai kje katstash stroform c anoÐgei se katastseic
[4],
j ! jN : (1.48)
An h su(2) qarakthrÐzei katastseic spin, tìte h u(2) wc lgebra twn dÔo katastsewn apoko-
mÐzetai mèsw tou kbantikoÔ arijmoÔ tou spin, s = 1=2, ra,
u(2) = u(2
1
2
+ 1) (1.49)
1.1.3 SÔmfwnec katastseic thc SU(2)
Agno¸ntac pl rwc to telest  plhjusmoÔ N^ , ja broÔme tic sÔmfwnec katastseic thc su(2), pou
gennoÔn tic gwnÐec Euler. Ed¸ de qreizetai na anatrèxoume se lgebra pou na perièqei to tautotikì
stoiqeÐo (Heisenberg-Weyl) kaj¸c ìpwc deÐqjhke amèswc h lgebra su(2) spei se eujÔ jroisma,
su(2) = u(1) + su(2)=u(1): (1.50)
Ed¸ to stoiqeÐo thc u(1) eÐnai o J3 en¸ mia metatìpish sto SU(2)=U(1) pargetai apì to
metasqhmatismì [1],

() = exp(J+   J ): (1.51)
O katastatikìc q¸roc tou sust matoc eÐnai oi idiokatastseic thc stroform c jjmi. Oi sÔmfw-
nec katastseic gennoÔntai apì th drsh twn 
() sth katstash sthn opoÐa h u(1) eÐnai h stability
algebra, pou eÐnai kai h basik  katstash (ground state). Mia tètoia katstash eÐnai h legìmenh
akrìtath,
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Sq ma 1.1: H stereografik  probol  thc sfaÐrac Bloch se migadikì epÐpedo. Apì thn [1].
hjj; ji  J3jj; ji = jj; jiei' (1.52)
'Ara oi sÔmfwnec katastseic orÐzontai apì th sqèsh,

()jj; ji = jj; i (1.53)
Antikajist¸ntac tic m trec thc stroform c,
J+ =
 
0 1
0 0
!
; J  =
 
0 0
0 1
!
; J3 =
 
1=2 0
0 1=2
!
; (1.54)
oi metasqhmatismoÐ sto migadikì q¸ro gÐnontai h m tra,

() = exp
 
0 
  0
!
=
 
cos jj jj sin jj
  jj sin jj cos jj
!
: (1.55)
O q¸roc twn sumf¸nwn katastsewn jj; i anaparÐstatai gewmetrik wc mia sfaÐra Bloch S2,
ìpwc faÐnetai sto sq ma. H apeikìnish jj; i ! S2 epitugqnetai apì th parametropoÐhsh,
 =

2
ei'; (0 6  6 ; 0 6 ' 6 2): (1.56)
O klassikìc q¸roc twn fsewn apokomÐzetai apì th legìmenh stereografik  probol  thc sfaÐ-
rac S2 sto migadikì epÐpedo  , me th sunj kh kanonikopoÐhshc,
jj; i = 1
(1 + j j2)j exp(J+)jj; ji;  = tan

2
ei': (1.57)
14
Oi kanonikèc metablhtèc apokomÐzontai apì thn ekjetikopoÐhsh thc m trac gia to metasqhmatismì

(),
z = (1 + ) 1=2 = sin

2
e i': (1.58)
O metasqhmatismìc,
z =
1p
4j
(q + ip); (1.59)
dhmiourgeÐ q¸ro fsewn me th sumplektik  dom  twn agkul¸n Poisson.
1.2 H deÔterh kbntwsh gia thn ugr  stagìna
To prìtupo thc ugr c stagìnac qrhsimopoieÐtai gia th perigraf  twn sullogik¸n idiot twn tou
pur na. Wstìso o pur nac eÐnai èna kajar kbantikì sÔsthma kai autì apoteleÐ mian antÐjesh sth
ènnoia thc epifneiac thc stagìnac. H majhmatik sunep c antimet¸pish thc deÔterhc kbntwshc
gia ton armonikì talantwt  mporeÐ na efarmosteÐ apeujeÐac sthn ugr  stagìna kai na ensark¸sei
thn antÐjesh aut  wc jemeli¸dec stoiqeÐo thc. Sth kataskeu  tou armonikoÔ talantwt  gia thn
ugr  stagìna prèpei na ikanopoioÔntai sugkekrimènec apait seic.
1.2.1 To sÔmfwno Racah-BCS
H lgebra su(2) qarakthrÐzei th basik  katstash tou didistatou armonikoÔ talantwt , pou
mporeÐ na antiproswpeÔei dÔo katastseic stroform c. 'Otan katoikeÐtai apì plhjusmì mpozonÐwn h
summetrÐa tou talantwt  angetai sth u(2). Kat thn epoÐkhsh twn katastsewn ja dhmiourghjoÔn
nèec katastseic me diaforetik  suneisfor sthn enèrgeia. 'Ena tètoio pardeigma eÐnai h katoÐkhsh
enìc floioÔ stroform c j apì plhjusmì n noukleonÐwn. Mia tètoia diamìrfwsh kaleÐtai jn, sto
prìtupo twn floi¸n. 'Ena kalì mètro gia thn enèrgeia eÐnai o arijmìc twn zeug¸n noukleonÐwn me
olik  stroform  mhdèn [5], diìti tìte h allhlepÐdras  touc eÐnai polÔ isqur . Mia tètoiou eÐdouc
allhlepÐdrash kaleÐtai allhlepÐdrash zeug¸n (pairing interaction). O kbantikìc arijmìc o opoÐoc
taxinomeÐ tic epiprìsjetec katastseic, eis qjhke apì ton Racah eÐnai o  (seniority)kai diathreÐtai
ktw apì tic allhlepidrseic zeug¸n kaj¸c orÐzetai wc to pl joc twn asÔzeuktwn swmatÐwn.
DÔo antÐjeta spin dhmiourgoÔn zeÔgoc an brÐskontai se qronik antÐstrofec katastseic oi
opoÐec ja lhfjoÔn wc oi katastseic bshc jjmi kai ( 1)j mjj   mi. H basik  katstash ja
perièqei mìno zeÔgh (Kleistìc floiìc) kai èna zeÔgoc dhmiourgeÐtai apì to telest  [6]
bS+j = X
m>0
( 1)j mayjmayj m: (1.60)
OrÐzontai oi legìmenoi telestèc hmi-spÐn, ¸ste na sugkrothjeÐ mian anaparstash thc su(2),
bS j = X
m>0
( 1)j maj majm; (1.61)
bS0j = 12 X
m>0
(ayjma
y
jm + aj maj m   1): (1.62)
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O telest c thc seniority metr to mègejoc thc allhlepÐdrashc zeug¸n, kai metr to mègejoc
thc zeÔxhc se J = 0,
bS+j bS j = X
m>0
( 1)2(j m)ayjmayj maj majm: (1.63)
H Qamiltonian  pou perigrfei èna sÔsthma swmatÐwn me allhlepidrash zeug¸n eÐnai ekeÐnh twn
Bardeen-Cooper-Schriefer (BCS), ìpou sth purhnik  fusik  qrhsimopoieÐtai me deÐktec stroform c
[6],
H =
X
jm
"ja
y
jmajm   jGj
X
jj0
cjj0 bS+j bS j0 : (1.64)
O suntelest c "j eÐnai h enèrgeia twn monoswmatidiak¸n epipèdwn, h jGj eÐnai o suntelest c
thc allhlepÐdrashc zeÔgouc (pairing interaction strength),en¸ oi parmetroi cjj0 deÐqnoun pwc
katanèmetai h allhlepÐdrash metaxÔ twn diforwn troqiak¸n.
H qr sh thc anwtèrw perigraf c stouc pur nec prosfèrei to upìstrwma thc sÔndeshc meta-
xÔ twn noukleonik¸n kin sewn kai thc ugr c stagìnac. H upèrreusth sumpÔknwsh twn zeug¸n
dhmiourgeÐ thn ènnoia thc epifneiac thc ugr c stagìnac [7], kai to prìtupo pou anadeiknÔei thn
omorfi aut  eÐnai ekeÐno twn allhlepidr¸ntwn mpozonÐwn, ìpou efarmìzetai apeujeÐac deÔterh
kbntwsh sthn ugr  stagìna. O kbantikìc arijmìc thc seniority brÐsketai sto metaÐqmio twn dÔo
proseggÐsewn. O Racah prìteine th metllaxh twn telest¸n thc deÔterhc kbntwshc se tanustik 
morf  ¸ste na perièqoun troqiak  stroform . Ta stoiqeÐa thc lgebrac Gjj0 = a
y
jaj0 ufÐstatai th
metllaxh,
Gjj0  ! Gk(j; j0) = [ayj  ~aj0 ]k: (1.65)
Me autì to trìpo epitugqnetai h Ôparxh thc lgebrac o(3). 'Ena pardeigma tètoiac graf c eÐnai
o tanust c thc su(2), Q1, pou eÐnai pr¸thc txhc, k = 1. 'Oson afor th seniority èqei apodeiqjeÐ
ìti apoteleÐ to analloÐwto mègejoc thc omdac strof¸n gia pènte bajmoÔc eleujerÐac thc o(5) [8]
thc o opoÐac o telest c Casimir 2hc txhc 2 èqei idiotimèc seniority 2 = ( + 3). Epomènwc h
sÔzeuxh swmatÐwn anadÔei summetrÐa thn opoÐa de mporoÔme na fantastoÔme all aporrèei apì thn
algebrik  mèjodo wc èna pardeigma dunamik c summetrÐac pou ekfrzetai apì thn alusÐda,
O(3)  O(5): (1.66)
1.2.2 To sÔmfwno Nilsson-Elliott
An to èna basikì qarakthristikì thc andeixhc thc sullogikìthtac twn noukleonik¸n diamorf¸-
sewn eÐnai h allhlepÐdrash zeug¸n noukleonÐwn, tìte to llo eÐnai h gewmetrik  paramìrfwsh
thc sullogikìthtac pou sunhjÐzetai na kaleÐtai pur nac. 'Ena kajar kbantikì sÔsthma mporeÐ na
deqjeÐ ènnoiec gewmetrÐac monqa mèsa apì to majhmatikì ergaleÐo thc jewrÐac twn omdwn. H
gewmetrÐa tou sust matoc tìte anadeiknÔetai apì th summetrÐa pou sèbetai h basik  tou katstash
(ground state). 'Ena pardeigma tètoiac antimet¸pishc eÐnai h eisagwg  thc summetrÐac SU(3) apì
ton J.P Elliott [9] sto prìtupo tou Nillson, ìpou jewreÐtai ìti anexrthta noukleìnia kinoÔntai se
paramorfwmèno dunamikì, eÐnai dhlad  èna peristrofikì montèlo gia th swmatidiak  dom . Se ìrouc
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armonikoÔ talantwt , h paramìrfwsh eisgetai me to qèri wc h allhlepÐdrash LS olikoÔ spin kai
troqic tou pur na sth Qamiltonian  thc deÔterhc kbntwshc [6],
H = !byi bi   2kLS  kL2: (1.67)
O J.P Elliott sth [9] prospjhse na brei th sÔndesh tou protÔpou autoÔ me ekeÐnou twn floi¸n.
Autì ton od ghse sth diereÔnhsh nèwn kbantik¸n arijm¸n pou ja anadeÐknuan tic peristrofikèc
katastseic twn swmatidi¸n, katnalogÐa me th senioritypou anadeÐknue to zeugrwma twn noukle-
onÐwn. 'Ara èyaxe gia mia nèa summetrÐa, uyhlìterh apì ekeÐnh thc olik c stroform c tou pur na,
O(3). Parat rhse ìti ìtan h allhlepÐdrash LS eÐnai polÔ isqur , katoÐkhsh floi¸n p (L = 1), pn
parousizei peristrofikì fsma tÔpou L(L+1). O floiìc p eÐnai èna dinusma tri¸n katastsewn.
Epomènwc an anexrthta swmtia apoikoÔn katastseic sust matoc me treic bajmoÔc eleujerÐac,
anadeiknÔetai to peristrofikì fsma. Epomènwc to sÔmfwno pou prìteine ¸ste h allhlepÐdrash
LS na mh mpaÐnei me to qèri, eÐnai na jewrhjeÐ armonikìc talantwt c tri¸n bajm¸n eleujerÐac, me
omda summetrÐac th U(3).
KatnalogÐa me thn lgebra u(2), èqoume èna epiplèon mpozìnio, ra prokÔptoun 9 digrammik
ginìmena. OmoÐwc treic apì autoÔc ja sqhmatÐzoun to tanust  pr¸thc txhc Q(1)m pou anaparist
thn lgebra thc troqiak c stroform c kai ènac ja eÐnai o telest c plhjusmoÔ bN pou anaparist
thn lgebra u(1). 'Ara mia pr¸th anagwg  thc lgebrac u(3),eÐnai h alusÐda
u(3)  u(2)  su(2)  u(1): (1.68)
'Eqoun meÐnei 9  4 = 5 digrammik ginìmena. Aut sugkrotoÔn to tanust  2hc txhc Q(2) . An
ìloi autoÐ oi telestèc grafoÔn se kanonikèc suntetagmènec o tanust c Q(2) eÐnai o tetrapolikìc.
An di¸xoume to telest  plhjusmoÔ, N^ lambnoume tic ex c sqèseic metjeshc
[Q(2) ; Q
(2)
 ] = 3
p
10h22j1+ iL+ ; (1.69)
[L; Q
(2)
 ] =  
p
6h12j2+ iQ(2)+ ; (1.70)
[L; L ] =  
p
2h11j1+ iL+ : (1.71)
Oi telestèc L kai Q
(2)
 kleÐnoun thn lgebra su(3). H llh aposÔnjesh thc lgebrac u(3)
eÐnai h,
u(3)  su(3)  o(3)  o(2): (1.72)
H antapokrinìmenh omda SU(3) èqei dÔo kbantikoÔc arijmoÔc, ekeÐnouc tou J.P Elliott ().
Sth summetrÐa SU(3) h allhlepÐdrash LS kai to paramorfwmèno dunamikì, dÐnei th jèsh thc sto
Casimir Q
(2)
  Q(2) . 'Etsi epitugqnetai h gewmetropoÐhsh thc allhlepÐdrashc tou Nillson apì th
tetrapolik  paramìrfwsh tou pur na. Autì shmaÐnei ìti oi stoiqei¸deic diegèrseic tou talantwt 
ìpwc anaparÐstantai apì th drsh tou telest  N^ , ja katoikoÔn th basik  katstash pou eÐnai
anaparstash thc summetrÐac SU(3), èqei dhlad  dianÔsmata bshc pou orÐzontai apì tic idiotimèc
tou tetrapolikoÔ telest  (). Gia pardeigma an èqw èna kbnto enèrgeiac me stroform  1 ja
èqw thn anaparstash thc SU(3), (10). An èqw èna kbnto enèrgeiac èqw stroform  L = 2
kai h anaparstash thc SU(3) eÐnai h (20). Oi katastseic thc stroform c ja perièqontai stic
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anaparastseic thc SU(3). H metbash SU(3)! O(3) anadeiknÔei th spoudaiìthta kai thn omorfi
thc sÔllhyhc tou J.P Elliott. 'Otan analÔsoume th stroform  tou pur na ja prèpei na epilèxoume
èna sÔsthma anaforc. Epilègoume ìti an sto ergast rio metrme srtoform  L, sto sÔsthma tou
pur na metrme stroform  K. O K eÐnai ènac qamènoc kbantikìc arijmìc, de qarakthrÐzei dhlad 
epÐpeda kamÐac omdac summetrÐac. H eisagwg  tou sumfwnèi me ta peiramatik dedomèna kaj¸c
eÐnai o kbantikìc arijmìc twn energeiak¸n zwn¸n. Tìte anadeiknÔetai kai h shmasÐa tou  wc h
probol  thc rop c  sto pur na. Mia katstash thc anwtèrw alusÐdac eÐnai,
j[N ]; ();KLMi: (1.73)
Sto tridistato armonikì talantwt  o plhjusmìc eÐnai N = nx + ny + nz, me tic tanustikèc
paramorf¸seic thc tetrapolik c rop c na orÐzontai wc,
 = nz()  nx()
 = nx()  ny():
(1.74)
1.2.3 Mpozonikìc talantwt c n bajm¸n eleujerÐac
'O,ti prohg jhke eÐqe na knei me ta proeìrtia gia thn efarmog  thc deÔterhc kbntwshc sthn ugr 
stagìna. 'Enac tètoioc formalismìc pèra apì thn aisjhtik  thc summetrÐac mèsa apì tic lgebrec,
mporeÐ na d¸sei kai nèec summetrÐec ra kai nèa ikanìthta prìbleyhc purhnik¸n fasmtwn. Oi
apait seic pou jètoume se mia tètoia antimet¸pish eÐnai oi ex c:
1. To sÔmfwno Helmholtz-Sommerfeld
H klassik  antimet¸pish thc ugr c stagìnac eÐnai eurèwc gnwst  kurÐwc stouc mhqanikoÔc
kai èqei na knei me th mhqanik  tou paramorf¸simou s¸matoc. H pio genik  kÐnhsh enìc
paramorf¸simou s¸matoc mporeÐ na jewrhjeÐ wc to jroisma tri¸n jemeliwd¸n kin sewn.
Miac metatìpishc miac strof c kai miac paramìrfwshc. Se sÔsthma hremÐac gia th metaforik 
kÐnhsh, oi kin seic anaparÐstatai apì tanust ,
ui = Fikxk; Fik =
@ui
xk
: (1.75)
O tanust c Fik spei se èna antisummetrikì kai èna summetrikì mèroc,
Fik =
1
2
(Fik   Fki) + 1
2
(Fik + Fki) = Aik + Sik: (1.76)
Bsei tou sumf¸nou Helmholtz-Sommerfeld o antisummetrikìc tanust c Aik antiproswpeÔei
th peristrofik  kÐnhsh tou s¸matoc en¸ o summetrikìc Sik th paramìrfws  tou, [10].
Mia tètoia anlush enìc kbantikoÔ sust matoc de mporeÐ na gÐnei dunat  apì th kanonik 
kbntwsh, kaj¸c diforec dunamikèc summetrÐec anadÔontai apì touc telestèc dhmiourgÐac
kai katastrof c kai autì sunist th legìmenh algebrik  mèjodo. Se mian lgebra omado-
poioÔntai ta stoiqeÐa se èna tanust . Tìte lègetai ìti èqoume mia tanustik  anaparstash
thc omdac summetrÐac   thc lgebrac [11]. Kje deÐkthc anaparÐstatai apì èna koutÐ  [12].
Alli¸c, h deÔterh kbntwsh thc ugr c stagìnac apokomÐzetai an oi deÐktec twn tanust¸n pou
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qarakthrÐzoun th kÐnhs  thc anaparastajoÔn apì kouti. Kje koutÐ anaparist èna kbnto
diègershc thc stagìnac   èna mpozìnio.
'Enac antisummetrikìc tanust c dÔo deikt¸n anaparÐstatai me dÔo kouti se mia st lh,
Aik =


(1.77)
en¸ ènac summetrikìc me dÔo kouti se mÐa gramm ,
Sik =  (1.78)
H qrhsimìthta thc jewrÐac omdwn sth fusik  èqei na knei me th prosarmog  tou katasta-
tikoÔ q¸rou thc Qamiltonian c stic anaparastseic thc omdac summetrÐac tou sust matoc.
Sth deÔterh kbntwsh oi katastseic autèc eÐnai swmatÐdia, kai h dunamik  summetrÐa dhl¸nei
pwc ta swmatÐdia "kjontai" stic anaparastseic thc summetrÐac. An èqoume èna sÔnolo sw-
matidÐwn mia tanustik  anaparstash thc lgebrac dÐnei amèswc thn epopteÐa thc arq c tou
Pauli. H omda summetrÐac pou ikanopoieÐtai tìte eÐnai h omda metajèsewn f antikeimènwn se
n jèseic [13]. En gènei mia diamèrish tou tÔpou
[f ] = [f1; f2; : : : fn]; (1.79)
dhl¸nei pwc èqoun topojethjeÐ f1 sth pr¸th gramm , f2 sth deÔterh k.o.k .
Gia pardeigma se èna sÔsthma spin, s = 1=2 h apoÐkhs  apì dÔo swmatÐdia ja eÐnai eÐte
summetrik , [f ] = [2] dhlad    eÐte antisummetrik  [f ] = [11], dhlad  "#.
Oi tanustikèc anaparastseic [f ] kaloÔntai diagrmmata Young kai metatÐjentai me touc legì-
menouc di-summetrikoÔc metasqhmatismoÔc pou gennoÔntai apì ta digrammik ginìmena [13]. H
omda summetrÐac twn ginomènwn aut¸n eÐnai ekeÐnh tou n distastatou armonikoÔ talantwt 
U(n), thc opoÐac oi mh anagwgÐsimec anaparastseic eÐnai èna digramma Young. Prosjè-
tontac swmtia dhmiourgoÔntai tanustèc uyhlìterhc txhc oi opoÐoi anaggontai se nèouc
me aposÔnjesh tÔpou Glebsch   Gordon. Algebrik toÔto shmaÐnei ìti oi mh anagwgÐsimec
anaparastseic thc U(n) metabllontai se anagwgÐsimec, dhlad  se alusÐda summetri¸n. Ac
proume to pardeigma tou mpozonikoÔ talantwt  me n bajmoÔc eleujerÐac. H arq  tou Pau-
li epibllei monqa summetrikèc anaprastseic, epomènwc apì tic n grammèc thc tanustik c
anaparstashc thc U(n) krateÐtai monqa h pr¸th. To pl joc twn kouti¸n eÐnai to pl joc
twn mpozonÐwn,
Sik =  : : :: (1.80)
Mia tètoia anaparstash dhl¸nei ìti ta mpozìnia katanèmontai se ìlec tic monoswmatidiakèc
katastseic n, apìluta summetropoihmèna metaxÔ touc. Kìbontac telestèc plhjusmoÔ apì
kje monoswmatidiak  katstash epitugqnetai h anagwg ,
U(n)  U(n  1)  U(n  2) : : : (1.81)
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En gènei h lgebra U(n) èqei n2 genn torec kai n telestèc Casimir. H pio genik  paramìr-
fwsh thc ugr c stagìnac mèsw aut c thc anlushc eÐnai h dìnhsh pou perigrfetai apì tic
pijanèc dunamikèc summetrÐec thc U(n).
2. To sÔmfwno Racah-BCS
H deÔterh kbntwsh ja prèpei na upodèqetai thn allhlepÐdrash zeug¸n wste na antanakl
thn antÐjesh tou protÔpou thc ugr c stagìnac me ekeÐno thc swmatidiak c dom c. 'Ara oi
mpozonikèc diegèrseic stic opoÐec ja analujeÐ, prèpei na ikanopoioÔn Qamiltonian  tÔpou
(1.64). An epileqjeÐ na èqei n bajmoÔc eleujerÐac   n monoswmatidiakèc katastseic bshc,
h omda summetrÐac thc stagìnac eÐnai U(n).
En gènei distash tou armonikoÔ talantwt  mporeÐ na lhfjeÐ en yuqr¸ wc h pollaplìthta
twn katastsewn thc stroform c,
U(n) = U(2j + 1): (1.82)
Sth perÐptwsh pou epilèxoume th troqiak  stroform , h pio genik  anagwg  eÐnai [4],
U(4`+ 2)  U(2`+ 1)  O(2`+ 1): (1.83)
Oi tanustèc pou domoÔn thn O(2l+1) èqoun perittì deÐkth [11] kai ìtan droun se mia bsh thc
sumperifèrontai wc tanustikoÐ telestèc. Apì to tanust  thc U(n) ta stoiqeÐa pou kleÐnoun
thn lgebra O(2l+1) eÐnai ekeÐna pou omadopoioÔntai se tanust  peritt c txhc. DomeÐtai ètsi
antisummetrikìc tanust c pou dhl¸nei genikeumènec strofèc tou sust matoc kai anamènetai
fsma peristrofikoÔ qarakt ra.
Gia ` = 1 lambnoume thn upolgebra o(3) en¸ gia ` = 2 lambnoume thn o(5). ParathroÔme
ìti o tanust c pou ja omadopoieÐ ta stoiqeÐa thc lgebrac o(3) ja èqei deÐkth 1, thc morf c
T 1 kai perièqei trÐa stoiqeÐa. EÐnai ènac antisummetrikìc tanust c ¸ste dhl¸nei th peristrof 
tou sust matoc sto tridistato. Tètoiec lgebrec mporoÔn na apokomistoÔn monqa an ta
stoiqeÐa twn tanust¸n grafoÔn wc tanustikoÐ telestèc me deÐkth stroform c. Mèsw miac
tètoiac graf c apokomÐzetai h alusÐda,
U(n)  O(n): (1.84)
3. To sÔmfwno Nilsson-Elliott
Pntote apì th U(n) kìbontac to telest  plhjusmoÔ thc, apokomÐzetai h lgebra SU(n),
epitugqnontac thn anagwg ,
U(n)  SU(n): (1.85)
Kìbontac monqa to telest  plhjusmoÔ shmaÐnei ìti apì ta stoiqeÐa thc U(n) kìbontai ekeÐna
pou omadopoioÔntai se tanust  mhdenik c txhc. H SU(n) eÐnai èna pardeigma summetrÐac
ìpou den eÐnai emfanèc to klassikì anlogo thc strof c kai paramìrfwshc. Perigrfei
donhtikèc katastseic stroform c. Sth perigraf  thc ugr c stagìnac lìgw thc epituqÐac
Nilsson-Elliott h SU(n) apaiteÐtai na eÐnai h SU(3).
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'Ara ston armonikì talantwt  n bajm¸n eleujjerÐac, oi pio genikèc anagwgèc thc omdac sum-
metrÐac tou U(n) pou perièqoun thn omda summetrÐac thc stroform c O(3) eÐnai,
O(3) 
8><>:
U(n  1)
O(n)
SU(n)
9>=>;  U(n): (1.86)
SÔmfwnec katastseic thc U(n)
Oi kanonikèc metablhtèc thc ugr c stagìnac ja apokomistoÔn apì tic sÔmfwnec katastseic thc
U(n). H diadikasÐa eÔres c touc susthmatopoieÐ thn algebrik  mèjodo pou parousisthke gia
tic sÔmfwnec katastseic tou monodistatou talantwt  kai thc SU(2). H susthmatopoÐhsh aut 
ofeÐletai ston Gilmore kai eÐnai gnwst  wc o algìrijmìc tou [1].
H u(n) eÐnai lgebra Lie kai dèqetai pnta aposÔnjesh se eujÔ jroisma, an u(n)  g
u(n) = g + u(n)=g: (1.87)
H g kaleÐtai h mègisth stajeropoihtik  upolgebra. Oi sÔmfwnec katastseic gennoÔntai apì
th drsh twn metasqhmatism¸n pou an koun sto q¸ro U(n)=G sth basik  katstash pou exau-
l¸netai apì th drsh telest¸n thc g. Oi kanonikèc metablhtèc apokomÐzontai apì th katllhlh
stereografik  probol  twn sumf¸nwn katastsewn sto migadikì epÐpedo.
1.3 Telestèc sto prìtupo twn allhlepidr¸ntwn mpo-
zonÐwn thc purhnik c dom c
H kanonik  kbntwsh thc ugr c stagìnac sunist to prìtupo tou Bohr gia th purhnik  dom . Oi
bajmoÐ eleujerÐac tou protÔpou eÐnai oi suntelestèc thc tetrapolik c paramìrfwshc tou pur na,
2 stouc opoÐouc epibllontai oi sqèseic metjeshc,
[2; 2 ] = i~ : (1.88)
Pnw se aut  th kanonik  sqèsh metjeshc mia pr¸th prospjeia deÔterhc kbntwshc thc
ugr c stagìnac pou ja thn anèlue se ìrouc allhlepidr¸ntwn mpozonÐwn epiqeir jhke apì ton
Ðdio to Bohr. Oi 5 tetrapolikoÐ bajmoÐ eleujerÐac dhmiourgoÔn ta tetrapolik fwnìnia thc u(5).
En toÔtoic, stouc paramorfwmènouc pur nec gÐnetai h metbash sto sÔsthma twn kurÐwn axìnwn,
021 = 
0
2 1 = 0,
0
22 = 
0
2 2 sto opoÐo mènoun monqa dÔo energoÐ bajmoÐ eleujerÐac oi,
020 =  cos ; 
0
22 =
1p
2
 sin : (1.89)
H deÔterh kbntwsh thc ugr c stagìnac se ìrouc monqa tetrapolik¸n fwnonÐwn antanakl
th jemeli¸dh antÐjesh tou protÔpou tou Bohr se sqèsh me thn allag  tou sust matoc anaforc
stouc paramorfwmènouc pur nec. Se mia tètoia anlush h SU(3) apousizei lìgw thc allag c
tou sust matoc anaforc kai thn epikrthsh 2 bajm¸n elujerÐac. O qamènoc bajmìc eleujerÐac
mporeÐ na antikatastajeÐ apì èna apìluta donhtikì   alli¸c monopolikì mpozìnio s. H zhtoÔmenh
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lgebra tìte gia thn ugr  stagìna eÐnai h U(n) = U(6) ìpwc èdeixan oi Iachello, Arima, se mia seir
apì dhmosieÔseic sta tèlh thc dekaetÐac tou 70' pou sunistoÔn to prìtupo twn allhlepidr¸ntwn
mpozonÐwn thc purhnik c dom c. 'O,ti akoloujeÐ èwc to tèloc tou kefalaÐou autoÔ kai den uprqei
parapomp  se epiplèon anafor, sthrÐzetai stic [14],[15],[16],[17].
1.3.1 MpozonikoÐ Telestèc
Oi sullogikèc purhnikèc diegèrseic perigrfontai mèsw thc deÔterhc kbntwshc. An kai kajar
kbantikèc, oi en lìgw diegèrseic sqetÐzontai me gewmetrik  paramìrfwsh tou pur na. H teleutaÐa
ekdhl¸netai apì to parathroÔmeno fsma poll¸n barèwn pur nwn, to opoÐo akoloujeÐ to kanìna
j(j+1) kai dhl¸nei idioperistrof . H idioperistrof  aut  sundèetai me gewmetrikèc paramorf¸seic
mèsw tou protÔpou tou Bohr. 'Ara oi kanonikoÐ trìpoi talntwshc kai oi antÐstoiqoi telestèc dh-
miourgÐac kai katastrof c twn sullogik¸n diegèrsewn, ja diakrÐnontai wc proc to kbantikì arijmì
thc stroform c. H dikrish aut  antanakl th mellontik  sÔndesh tou kbantikoÔ sÔst matoc me
th gewmetrÐa tou.
Se pr¸th prosèggish (IBM1) h paramìrfwsh perigrfetai èwc to tetrapolikì trìpo taln-
twshc. O tèleutaÐoc anagnwrÐzetai wc h katstash thc sullogik c diègershc me kbantikì arijmì
thc stroform c j = 2. Stouc rtious rtiouc pur nec o dipolikìc ìroc agnoeÐtai dioti h omotimÐa
twn antÐstoiqwn idiosunart sewn diathreÐtai gia rtiec timec thc j. 'Ara domeÐtai èna sÔsthma dÔo
katastsewn apì th monopolik  Jp = 0y kaloÔmenh katstash s kai th tetrapolik  Jp = 2y
kaloÔmenh katstash d.
Oi telestèc dhmiourgÐac sy kai katastrof c s thc katstashc s ikanopoioÔn tic sqèseic met-
jeshc
[s; sy] = 1: (1.90)
H tetrapolik  katstash d genn pènte pijanèc upokatastseic  = 0;1;2 ìtan h stroform 
problhjeÐ se xona epilegmènou sust matoc anaforc . Oi antÐstoiqoi telestèc dhmiourgÐac kai
katastrof c touc dy,d ikanopoioÔn tic akìloujec sqèseic metjeshc
[d; d
y
0 ] = 0 ; [d; d0 ] = [d
y
; d
y
0 ] = 0: (1.91)
Oi sqèseic metjeshc metaxÔ telest¸n thc monopolik c kai thc tetrapolik c katstashc eÐnai
[s; dy] = [s; d] = [s
y; dy] = [s
y; d] = 0: (1.92)
Oi parapnw sqèseic aplopoioÔntai an oi èxi telestèc sy , dy grafoÔn se eniaÐa morf  wc b
y
`,
` = 0; 2  s; d,   pio apl, by, b me
b1 = s; b2 = d2; b3 = d1; b4 = d0; b5 = d 1; b6 = d 2 (1.93)
'Olec mazÐ ekfrzontai wc
[b`; b
y
`00 ] = ``00 ; (1.94)
[b`; b`00 ] = [b
y
`; b
y
`00 ] = 0; (1.95)
  akìma pio apl
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[b; b
y
0 ] = 0 ; [b; b0 ] = [b
y
; b
y
0 ] = 0: (1.96)
H majhmatik  sÔndesh tou kbantikoÔ sust matoc me th gewmetrÐa tou pragmatopoieÐtai an exeta-
sjoÔn oi idiìthtec summetrÐac tou sto fusikì q¸ro oi opoÐec prokÔptoun apì tic idiìthtec strof¸n
tou. Se kbantikì sÔsthma oi teleutaÐec kajorÐzontai pl rwc apì tic sqèseic metjeshc me touc
telestèc thc stroform c. Ta parapnw dhl¸noun ìti oi mpozonikoÐ telestèc ja ekfrzontai
wc sfairikoÐ tanustikoÐ telestèc txhc `, T `, kajoson oi teleutaÐoi orizìmenoi apì tic sqèseic
metjeshc me th stroform  ja anadeiknÔoun tic pijanèc summetrÐec tou sust matoc. H morf  aut 
protjhke apì ton Racah me to telest  T ` na sumperifèretai ktw apì mia strof  R wc dinusma
bshc
RT `R
 1 =
X
0
T `0R
`
0; (1.97)
sto q¸ro twn anaparastsewn thc omdac twn strof¸n, dhlad  tic sfairikèc armonikèc   tic
sunart seic Wigner.
Kat' autìn to trìpo mporoÔn na oristoÔn oi telestèc dhmiourgÐac all ìqi oi katastrof c.
Prokeimènou na oristoÔn kai oi antÐstoiqoi sfairikoÐ tanustèc gia touc telestèc katastrof c, oi
teleutaÐoi tropopoioÔntai wc
b` ! ~b` = ( )`+b`; : (1.98)
T¸ra metasqhmatÐzontai wc sfairikoÐ tanustèc.
1.3.2 ArijmoÐ katlhyhc kai bsh
O pur nac analuìmenoc me touc epilegmènouc mpozonikoÔc telestèc apoteleÐ ènan armonikì ta-
lantwt  èxi bajm¸n eleujerÐac pou apokalÔptontai apì to mpozìnio s kai ta pènte mpozìnia d.
Epomènwc mia n ost  katstas  sullogik c purhnik c diègershc mporeÐ na oristeÐ wc,
jns; ndi = by`by`00 : : : j0i; (1.99)
pou apl antistoiqeÐ sth parousÐa n = ns + nd mpozonÐwn. Oi idiokatastseic autèc orÐzoun to
pl rec sÔnolo
X
n
jnihnj = I: (1.100)
To parapnw sÔnolo ja apotelèsei th bsh gia thn anaparstash katastsewn twn sullogik¸n
purhnik¸n diegèrsewn ìpwc epÐshc kai telest¸n gia tic metabseic metaxÔ twn katastsewn aut¸n.
H en lìgw anaparstash anafèretai wc ekeÐnh twn arijm¸n katlhyhc kai apoteleÐ ton orismì thc
deÔterhc kbntwshc.
Gia lìgouc gewmetrik c sunèpeiac pou anafèrjhkan parapnw, to pl joc twn mpozonÐwn pou
sthn (10) ekfrzetai apì thn epanalambanìmenh drsh twn telest¸n dhmiourgÐac sto kenì, ja
prèpei na ekfrzetai wc sfairikìc tanust c. Oi lìgoi autoÐ diafwtÐzontai ed¸ apì to gegonìc ìti
difora mpozìnia tou pl jouc ja katoikoÔn kpoia apì th monopolik    tetrapolik  katstash
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tou pur na. Kathlleimènec plèon ja apoteloÔn touc domikoÔc lÐjouc gia thn andeixh thc olik c
purhnik c stroform c ìpwc aut  ekfrzetai apì to deÐkth tou olikoÔ sfairikoÔ tanust . H sqèsh
T (`) = [T
(`1)  T (`2)]`; (1.101)
orÐzei to ginìmeno dÔo sfairik¸n tanust¸n me to metasqhmatismì apì th suzeugmènh sthn asÔ-
zeukth bsh na eÐnai tÔpou Glebsch Gordan
[T (`1)  T (`2)]` =
X
12
h`11`22j`iT (`1)1 T (`2)2 : (1.102)
Epomènwc h bsh gia tic anaparastseic katastsewn kai telest¸n ekfrzetai wc,
[by`by`00 : : :](L)M j0i: (1.103)
H parapnw majhmatik  èkfrash dhl¸nei ìti o gennhjèntac arijmìc katlhyhc ja èqei sugke-
krimènh stroform  L ìpwc ekfrzetai apì to sfairikì tanustikì telest  txhc L.
1.3.3 Qamiltonian 
Ston armonikì talantwt  enìc mpozonikoÔ bajmoÔ eleujerÐac èstw a h qamiltonian  èqei th gnw-
st  diagwnopoihmènh morf  tou pl jouc mpozonÐwn aya. Gia kje mÐa epiplèon distash eisgetai
ènac nèoc tÔpoc mpozonÐou. H diagwnopoihmènh morf  diathreÐtai wc jroisma se ìlouc touc tÔpouc
kai shmaÐnei apousÐa allhlepÐdrashc metaxÔ twn mpozonÐwn. Sto IBM h apousÐa allhlepÐdrashc
dhl¸nei pwc oi katastseic s kai d ja eÐnai ekfulismènec metaxÔ touc [18]. H allhlepÐdras  touc
eisgetai sth Qamiltonian  apì epiprìsjetouc ìrouc oi opoÐoi se analogÐa me ton èna bajmì eleu-
jerÐac gennoÔn zeÔgh dÔo, tri¸n kai parapnw mpozonÐwn. Lìgw tou proanaferjèntoc periorismoÔ
se deÔterh txh, o epiprìsjetoc ìroc eÐnai ekeÐnoc twn dÔo swmtwn (two body). H enèrgeia eÐnai
bajmwtì mègejoc ra o telest c thc qamiltonian c eÐnai bajmwtìc (L = 0) kai èqei th morf ,
H =
X

" [b
y
  b ](0) +
X

1
2
u[[b
y
  by ]l  [b  b]l](0): (1.104)
O epiprìsjetoc ìroc prokaleÐ thn energeiak  diafor  = d s h opoÐa antistoiqeÐ sto stoiqeÐo
m trac
u = h[b  b ]ljV j[b  b]li; (1.105)
kai dhl¸nei thn allhlepÐdrash metaxÔ twn s kai d. ShmatodoteÐ thn emfnish thc allhlepÐdrashc
zeug¸n metaxÔ touc (pairing interaction) kai thn allhlepÐdrash meglhc embèleiac (long range
interaction) wc ekd lwsh hlektromagnhtik c allhlepÐdrashc deÔterhc txhc pou eÐnai tetrapolik c
fÔsewc (quadrupole interaction).
'Ena apì ta shmantikìtera probl mata sthn anlush thc purhnik c dom c eÐnai h sÔndesh twn
sullogik¸n me touc monoswmatidiakoÔc bajmoÔc eleujerÐac. Stouc teleutaÐouc antistoiqeÐ to prì-
tupo twn floi¸n sto opoÐo jewreÐtai ìti ta noukleìnia "kinoÔntai se èna mèso pedÐo. H sÔndes 
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Sq ma 1.2: Susqètish zeug¸n kai sfairik  summetrÐa. ApousÐa mÐxhc s kai d.
touc me tic sullogikèc diegèrseic s mera pisteÔetai pwc proèrqetai apì to zeugrwm touc (pairing)
me th tsh tou na pargei mian upèrreusth sumpÔknwsh [19]. H teleutaÐa sto ìrio tou apeÐrou arij-
moÔ mpozonÐwn dhmiourgeÐ to katllhlo "mèso (bulk) gia th pragmtwsh sugkekrimènhc gewmetrik c
morf c tou pur na. Se autì to shmeÐo eÐnai qr simo na gÐnei mia pr¸th ektÐmhsh thc aplìthtac tou
protÔpou me th diaÔgeia pou aut  prosfèrei.
Sto noukleonikì epÐpedo h allhlepÐdrash zeug¸n eujÔnetai gia th dhmiourgÐa twn mpozonÐwn
apì th sÔzeuxh qronik antestrammènwn katastsewn noukleonÐwn sjènouc dhlad  antijètou spin
(pair correlations) kai suneisfèrei sth stajeropoÐhsh tou pur na. Qamiltonian  perigrafìmenh a-
pokleistik apo mpozìnia enìc tÔpou s   d, qwrÐc mÐxh metaxÔ touc, antanakl apìluth susqètish
twn noukleonÐwn sjènouc tou se olik  stroform  mhdèn   dÔo. Anamènetai ètsi pur nac sfairi-
k c summetrÐac ìpwc deÐqnetai sto sq ma 1.2. Sto kbantikì epÐpedo mia sfaÐra de strèfetai kai o
monadikìc bajmìc eleujerÐac pou apomènei eÐnai h dìnhsh. Prgmati, pur nec ekdhl¸noun isapèqou-
sec fasmatikèc grammèc, pou sunistoÔn apousÐa peristrofik c kÐnhshc, kajarì fsma armonikoÔ
talantwt . 'Ara h qamiltonian  pou perièqei kajaroÔc ìrouc sys kai dyd dhl¸nei donhtikì pur -
na sfairikoÔ sq matoc. Epeid  h enèrgeia thc katstashc s eÐnai mhdèn, telik donhtikoÐ pur nec
perigrfontai apì qamiltonian  mìno tou pl jouc nd, dyd.
H llh perÐptwsh susqètishc afor ta spin twn noukleonÐwn me to mèso pedÐo tou pur na
(alligned pairing)[20], ìpwc faÐnetai sto sq ma 1.3. Tìte kpoia noukleìnia ja brejoÔn se anoi-
ktoÔc floioÔc kai fainìmena pìlwshc ja lboun q¸ra metaxÔ aut¸n kai twn arqik¸n touc, wc mian
allhlepÐdrash meglhc embèleiac, me apotèlesma th sullogik  paramìrfwsh tou pur na [21]. H
katstash aut  anaparÐstantai sth qamiltonian  tou IBM gia ekeÐnec timèc tou suntelest  u
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Sq ma 1.3: Susqètish me mèso pedÐo kai tetrapolik  paramìrfwsh. MÐxh s kai d.
stic opoÐec ta troqiak s kai d mixrontai me apotèlesma th tetrapolik  paramìrfwsh. Ed¸ h
strof  eÐnai kal orismènh sto kbantikì epÐpedo wc h parabÐash thc sfairik c summetrÐac [22].
H peristrof  sumbaÐnei wc proc xona kjeto se ekeÐnon thc summetrÐac tou pur na [23], kai ra
apokomÐzetai peristrofikì fsma. Oi peristrofikèc katastseic sundèontai metaxÔ touc me pltoc
pijanìthtac pou upologÐzetai apì th drsh tou antÐstoiqou hlektrikoÔ tetrapolikoÔ telest  meta-
xÔ thc arqik c kai thc telik c katstashc (B(E2)), anadeiknÔontac th tetrapolik  paramìrfwsh
wc apotèlesma twn fainomènwn pìlwshc. Epomènwc h parousÐa ìrwn syd, dys sth qamiltonian ,
dhl¸nei peristrofikì pur na wc èna elleiyoeidèc ek peristrof c.
To IBM kalÔptei tic dÔo kÔriec peript¸shc thc kÐnhshc thc purhnik c dom c. Sth pragmatikì-
thta oi perissìteroi pur nec ekdhl¸noun kai touc dÔo tÔpouc kÐnhshc, ìpwc autoÐ faner¸nontai apì
thn Ôparxh energeiak¸n zwn¸n sto fsma. DÔo peristrofikèc katastseic an koun sthn Ðdia z¸nh
an sundèontai me isqurì pltoc thc B(E2). Kje z¸nh me th seir thc deÐqnei to trìpo talntwshc
tou pur na. 'Etsi se kje tÔpo dìnhshc qtÐzontai diforec peristrofikèc katastseic.
H majhmatik  sÔndesh twn mpozonÐwn me th gewmetrÐa tou pur na epitugqnetai me thn eisagwg 
twn sumf¸nwn katastsewn. Sto monodistato armonikì talantwt  h katlhyh enìc ket apì peiro
arijmì mpozonÐwn sunist mia sÔmfwnh katstash. Gia pardeigma sto hlektromagnhtikì pedÐo, pou
apoteleÐ èna monodistato armonikì talantwt , peiroc arijmìc fwtonÐwn sunist meglec timèc sth
fsh tou kÔmatoc h opoÐec orÐzoun mia eikìna gewmetrÐac (eikonal) [24], kai apoteleÐ to ìrio thc
gewmetrik c optik c. Autì eÐnai to klassikì ìrio gia to monodistato armonikì talantwt . To
antÐstoiqo gia ton exadistato tou IBM sunant th gewmetrÐa tou montèlou twn Bohr kaiMottelson.
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Oi teleutaÐoi antÐ na anafèrontai se mèsh puknìthta noukleonÐwn, eis gagan thn ènnoia tou mèsou
pedÐou touc, h kumatosunrthsh tou opoÐou apokalÔptei tic summetrÐec tou pur na [20].
H majhmatik sunep c sÔndesh twn dÔo proseggÐsewn eÐnai ekeÐnh twn algebr¸n Lie kai twn
omdwn Lie. H ekjetikopoÐhsh twn algebr¸n Lie [25] pou kleÐnoun ta mpozìnia s kai d pargoun
tic antÐstoiqec omdec Lie oi opoÐec deÐqnoun tic summetrÐec tou pedÐou twn Bohr kai Mottelson. Oi
sÔmfwnec katastseic thc U(6) brÐskontai me thn efarmog  tou algorÐjmou tou Gilmore, [1], gia
th perÐptwsh thc U(6) [26],[27].
Paraktw parousizontai oi lgebrec pou kleÐnoun oi mpozonikoÐ telestèc tou protÔpou. Mian
lgebra grfetai me mikrì grmma g, en¸ h antÐstoiqh omda thc me meglo G. Lìgw tou majh-
matikoÔ isomorfismoÔ touc kataqrhstik pollèc forèc den eÐnai aparaÐthth oi dikris  touc ìtan
upologÐzontai oi anaparastseic touc. Giutì se ì,ti akoloujeÐ, sta di-grammik ginìmena qrhsi-
mopoieÐtai to g, en¸ stic anaparastseic qrhsimopoieÐtai to G.
1.4 u(6)
Oi sqèseic metjeseic pou kleÐnoun oi sunolik 36 telestèc tou protÔpou, orÐzoun thn lgebra se
èxi bajmoÔc eleujerÐac pou eÐnai h u(6). 'Ola ta ta digrammik ginìmena eÐnai thc morf c
G = b
y
b ; (;  = 1; :::; 6): (1.106)
Gia pardeigma ac upologÐsoume to metajèth
[G31; G11] = [b
y
3b1; b
y
1b1] = [d
ys; sys]; (1.107)
sth bsh pou orÐsthke parapnw, jnd; nsi. 'Eqoume
[dys; sys]jnd; nsi = (dys sys  sys dys)jnd;nsi = dys nsjnd; nsi   sys dys)jnd; nsi = (1.108)
(ns   sys)dysjnd;nsi = (ns   sys)pnsdyjnd; ns   1i = (1.109)
p
ns
p
nd + 1(ns   sys)jnd + 1;ns   1i = pns
p
nd + 1jnd + 1; ns   1i = dysjnd; nsi: (1.110)
Anapargei to dys ra ikanopoieÐ tic apait seic thc Lie. En gènei oi sqèseic metjeseic eÐnai,
[G ; G] = G  G: (1.111)
.
'Opwc anafèrjhke, h majhmatika sunep c morf  twn anwtèrw telest¸n me tic idiìthtec thc gew-
metrik c summetrÐac tou talantwt  apokomÐzetai apì th metllax  touc se sfairikoÔc tanustikoÔc
telestèc. 'Ara h metllaxh,
G  ! Gk(l; l0) = [byl  ~bl0 ]k (l; l0 = 0; 2  s; d); (1.112)
orÐzei touc paraktw tanustikoÔc telestèc kai ektìc twn llwn exasfalÐzei thn epibÐwsh thc
o(3), ¸c thc lgebrac thc troqiak c stroform c.
G00(s; s) = [s
y  ~s]00; (1.113)
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G00(d; d) = [d
y  ~d]00; (1.114)
G1(d; d) = [d
y  ~d]1; (1.115)
G2(d; d) = [d
y  ~d]2; (1.116)
G3(d; d) = [d
y  ~d]3; (1.117)
G4(d; d) = [d
y  ~d]4; (1.118)
G2(d; s) = [d
y  ~s]2; (1.119)
G2(s; d) = [s
y  ~d]2; (1.120)
Oi anaparastseic thc u(6) orÐzontai apì touc telestèc Casimir. Lìgw thc parousÐac thc
allhlepÐdrashc zeug¸n ,dhlad  dÔo swmtwn, o Casimir ja èqei kai deÔterh txh. H drsh twn
gennhtìrwn thc summetrÐac stic katastseic jnd; nsi sunthroÔn pnta thn anaparstash. H drsh
touc de mporeÐ na sundèsei tic anaparastseic pr¸thc txhc me ekeÐnec thc deÔterhc. Oi telestèc
Casimir eÐnai pnta bajmwt megèjh wc oi analloÐwtec posìthtec thc kje anaparstashc kai
aporrèoun apì bajmwt ginìmena tanustik¸n telest¸n. Oi telest c Casimir pr¸thc txhc thc
u(6) eÐnai o telest c plhjusmoÔ,
C1fu(6)g = G00(s; s) +
p
5G00(d; d) = [s
y~s]0 + [dy ~d]0; (1.121)
hC1fu(6)gi = ns + nd = N: (1.122)
Shmei¸netai ed¸ ìti ta ginìmena [sy ~d]0 kai [dy~s]0 den orÐzoun plhjusmì mpozonÐwn ra se pr¸th
txh de suneisfèroun sthn enèrgeia. O telest c Casimir deÔterhc txhc thc u(6) lambnetai apì
bajmwt ginìmena tanust¸n kai antanakl ìlec tic pijanèc susqetÐseic zeug¸n mpozonÐwn pou
suneisfèroun sthn enèrgeia. PaÐrnontai ìloi oi dunatoÐ sunduasmoÐ tanustik¸n ginomènwn apì touc
sunolik 36 telestèc, dhlad  ginìmena me stroform  0.
G0(s; s) G0(s; s) = [sy~s]0  [sy~s]0  n^s  n^s;
G0(d; d) G0(d; d) = [dy ~d]0  [dy ~d]0  n^d  n^d;
(1.123)
G1(d; d) G1(d; d) = [dy ~d]1  [dy ~d]1;
G2(s; d) G2(d; s) = [sy ~d]2  [dy~s]2;
G2(d; s) G2(s; d) = [dy~s]2  [sy ~d]2;
G2(d; d) G2(d; d) = [dy ~d]2  [dy ~d]2;
G3(d; d) G3(d; d) = [dy ~d]3  [dy ~d]3;
G4(d; d) G4(d; d) = [dy ~d]4  [dy ~d]4:
(1.124)
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Ta ginìmena aut mazÐ me ta prohgoÔmena pr¸thc txhc orÐzoun ìlec tic pijanèc suneisforèc
sth Qamiltonian  sto plaÐsio thc u(6). AxÐzei na shmeiwjeÐ ìti sth Qamiltonian  h allhlepÐdrash
zeug¸n èqei th morf  [dydy]L  [ ~d ~d]L; L = 0; 2; 4. Ta parapnw ginìmena èqoun morf  [dy ~d]l  [dy ~d]l,
l = 0; 1; 2; 3; 4. Qrhsimopoi¸ntac [28] th sqèsh,
[dy ~d]l  [dy ~d]l = (2l + 1)
X
L
(
2 2 L
2 2 l
)
[dydy]L  [ ~d ~d]L + 2l + 1
5
n^d; (1.125)
epitugqnetai h sÔndesh touc toulqiston gia ta mpozìnia d,en¸ gia ta s, isqÔoun tetrimmènec
sqèseic lìgw thc metjeshc [s; d] = [sy; dy] = 0.
H emfan c fusik  shmasÐa twn nd kai ns èrqetai apì ton orismì tou Casimir 1hc txhc thc
u(6). O telest c Casimir deÔterhc txhc thc u(6) eÐnai to pio genikì jroisma twn digrammik¸n
ginomènwn twn 1.123,1.124,
C2fu(6)g = G0(s; s) G0(s; s) +G0(d; d) G0(d; d) +G1(d; d) G1(d; d)+
G2(s; d) G2(d; s) +G2(d; s) G2(s; d) +G2(d; d) G2(d; d)+
+G3(d; d) G3(d; d) +G4(d; d) G4(d; d);
(1.126)
hC2fu(6)gi = N(N + 5): (1.127)
H algebrik  dom  thc u(6) ja anadeÐxei kai ta metr sima megèjh, dhlad  touc fusikoÔc telestèc
tou protÔpou. To anwtèrw fainomenikì qoc twn diafìrwn telest¸n taktopoieÐtai monqa apì
thn algebrik  mèjodo. Epiprosjètwc, ta fusik megèjh pou aporrèoun apì aut ta ginìmena
anadeiknÔontai apì th dunamik  summetrÐa pou apoteleÐ èna pl rec sÔnolo tautìqrona metr simwn
fusik¸n megej¸n.
1.4.1 U(5)
H diereÔnhsh upoalgebr¸n thc u(6) èrqetai apì thn anagn¸rish sqèsewn metjeshc twn tanustik¸n
telest¸n 1.113 - 1.120. An afairejeÐ ènac bajmìc eleujerÐac epitugqnetai h anagwg  u(n) 
u(n  1). 'Ara an apì thn lgebra u(6) afairejoÔn oi genn torec pou perièqoun to mpozìnio s , h
lgebra u(5) kleÐnetai apì touc paraktw 25 tanustikoÔc telestèc,
G00(d; d) = [d
y  ~d]00; (1.128)
G1(d; d) = [d
y  ~d]1; (1.129)
G2(d; d) = [d
y  ~d]2; (1.130)
G3(d; d) = [d
y  ~d]3; (1.131)
G4(d; d) = [d
y  ~d]4: (1.132)
Oi anaparastseic thc u(5) orÐzontai apì touc telestèc Casimir pr¸thc kai deÔterhc txhc. O
plhjusmìc twn mpozonÐwn d eÐnai o Casimir pr¸thc txhc,
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C1fu(5)g =
p
5G00(d; d) = [d
y ~d]0; (1.133)
hC1fu(5)gi = nd: (1.134)
AntÐstoiqa o Casimir 2hc txhc thc u(5) eÐnai,
C2fu(5)g =
4X
k=0
Gk(d; d) Gk(d; d) = [dy ~d]0  [dy ~d]0 + 4[dy ~d]0  [dy ~d]0; (1.135)
hC2fu(5)gi = nd(nd + 4): (1.136)
U(6)U(5)
Oi anaparastseic thc u(6) orÐzontai apì to Casimir pou eÐnai o olikìc plhjusmìc twn mpozonÐwn N
ìpwc katanèmontai sth tanustik  anaparstash Young thc u(6), [N ]. H mpozonik  dom  epibllei na
krat soume monqa to summetrikì tanust  ra kratme monqa th pr¸th gramm  tou diagrmmatoc
Young apì ìlec tic pijanèc diamerÐseic,me m koc N
[N ]   : : :  [N; 0; 0; 0; 0; 0]: (1.137)
Sthn apìluta summetrik  katstash to kje koutÐ thc seirc ja paÐrnei timèc   ja èqei deÐkth
gia to plhjusmì twn mpozonÐwn sth kje katstash apì tic èxi tou protÔpou. H pio genik 
aposÔnjesh thc anaparstashc D enìc tanust    diagrmmatoc [f ] se sÔsthma n monoswmatidiak¸n
katastsewn ekfrzetai wc [15],
D([f ]; n) =
X
[f 0]
D([f 0]; n  1): (1.138)
H majhmatik  sqèsh gia thn anagwg  eÐnai Ðdia me thn alusÐda tou Gel'fand gia th GL(n), pou
dhl¸nei ìti,
f1  f 01  f2  f 02 : : : : (1.139)
Ed¸ èqoume monqa f1 = N , ra o kanìnac gÐnetai N  N 0 me b ma èna, dhlad ,
D([N ]; 6) = D([N ]; 5) +D([N   1]; 5) +D([N   2]; 5) + : : :+D([1]; 5) +D([0]; 5): (1.140)
H parapnw sqèsh epalhjeÔetai apì to gegonìc ìti sth u(6) o plhjusmìc N mporeÐ na katoikeÐ
eÐte s eÐte d katastseic. Agno¸ntac thn s,   ja eÐnai ìla ta mpozìnia sth d   ligìtera kat ena
kje for. O plhjusmìc thc katstashc d eÐnai o kbantikìc arijmìc thc u(5), nd kai bsei thc
1.140 dÐnetai apì to kanìna,
nd = N;N   1; N   2; : : : N  N: (1.141)
'Ara apì thn anagwg  u(6)  u(5) prokÔptei to fsma,
u(6)  u(5)! jN;ndi: (1.142)
Gia pardeigma an N = 3 tìte nd = 3; 2; 1; 0. Mia diagrammatik  apeikìnish twn anagwgÐsimwn
anaparastsewn faÐnetai sto sq ma 1.4 .
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nd=3 nd=2 nd=1 nd=0
N=3
Sq ma 1.4: N=3, U(6)  U(5)
O(5)
H u(5) krÔbei kai llec summetrÐec. Krat¸ntac touc telestèc me peritt  txh lambnoume omda
me antisummetrikì tanust . An apì ta stoiqeÐa thc u(5) krathjoÔn monqa oi tanustèc peritt c
txhc,
G1(d; d) = [d
y  ~d]1; (1.143)
T3  G3(d; d) = [dy  ~d]3; (1.144)
lambnontai 10 sunolik stoiqeÐa. En gènei h lgebra o(n) perièqei n(n   1)=2 stoiqeÐa, ra oi
enapomeÐnantec tanustikoÐ telestèc kleÐnoun thn lgebra o(5), gia ta mpozìnia d.
Oi anaparastseic twn orjogwnÐwn omdwn deÐqnoun summetrÐec se orjog¸niouc metasqhmati-
smoÔc oi opoÐoi èqoun sqèsh me gewmetrikèc diastseic. Me autì to trìpo oi Casimir eÐnai deÔterhc
  kai an¸terhc txhc lambnontac ètsi th jemeli¸dh idiìthta tou analloÐwtou se strofèc, ìpwc
autì antanakltai sto tetrgwno tou mètrou. H O(5) èqei telest  Casimir 2hc txhc,
C2fO(5)g = 4G1(d; d) G1(d; d) + 4G3(d; d) G3(d; d) = 2n^d(n^d + 3)  10[dydy]0  [ ~d ~d]0; (1.145)
hC2fO(5)gi = ( + 3): (1.146)
U(6)U(5)O(5)
'Ara h alusÐda gÐnetai,
U(6)  U(5)  O(5): (1.147)
Oi anaparastseic thc U(5) me autì to trìpo angontai se ekeÐnec thc O(5). H O(5) domeÐtai
apì antisummetrikoÔc tanustèc kai dhl¸nei genikeumènec strofèc se 5 bajmoÔc eleujerÐac. En gènei
h omda O(n) gia perittì arijmì monoswmatidiak¸n katastsewn èqei (n 1)=2 Casimir, ra h O(5)
ja qarakthrÐzetai apì 2 kbantikoÔc arijmoÔc. An o tanust c thc O(5) anaparastajeÐ kat Young,
apì touc 2 kbantikoÔc arijmoÔc thc O(5), lìgw thc summetropoÐhshc kratme monqa èna,
  (; o): (1.148)
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Υ=3
Υ=1
Υ=2
Υ=0 Υ=1 Υ=0
nd=2nd=3 nd=1 nd=0
N=3
Sq ma 1.5: N=3, U(6)  U(5)  O(5)
H anagwg  U(5)  O(5) eÐnai thc morf c thc U(n)  O(n). Oi anagwgÐsimec anaparastseic
thc summetrÐac U(n) se ekeÐnec thc summetrÐac O(n), grfontai sth klassik  tanustik  morf , ìqi
san digramma Young. O pio aplìc tanust c gia thn omda O(n) eÐnai to dèlta tou Kronecker, to
opoÐo eÐnai kai summetrikì iaib = ibia . An o tanust c thc U(n) grafeÐ wc F i1i2:::iN , tìte mporeÐ
na ekfrasteÐ sunart sei twn dèlta mèsw twn sustol¸n [15],
F (i)N = F
(i)N
0 +
X
1;2
i1i2F (i)N 2 +
X
1;2
i1i2i3i4F (i)N 4 + : : : (1.149)
H èkfrash aut  mporeÐ na eidwjeÐ wc h anagwg  thc anaparstashc thc U(n) se ìrouc thc
O(n). H txh tou tanust  mei¸netai kat dÔo gia kje ìro tou ajroÐsmatoc tou dexioÔ mèlouc. O
kbantikìc arijmìc thc U(5) eÐnai o plhjusmìc twn mpozonÐwn sth katstash d, nd, o opoÐoc eÐnai
to pl joc twn kouti¸n, an o tanust c F (i1)N anaparastajeÐ kat Young. H anagwg  U(5)  O(5)
epitugqnetai bsei thc parapnw aposÔnjeshc mèsw twn sustol¸n, an dhlad  apì to digramma
Young thc U(5) afairoÔntai dÔo summetropoihmèna koutkia, pargetai h antÐstoiqh tim  gia to
Casimir thc O(5). O Casimir thc O(5) eÐnai h seniority  kai bsei thc 1.149 paÐrnei timèc,
 = nd; nd   2; nd   4; : : : ; 0: (1.150)
'Etsi anadÔetai algebrik h shmasÐa thc wc to pl joc twn zeug¸n mpozonÐwn pou mènoun se
stroform  diforh tou mhdenìc. 'Ara pargetai to fsma,
U(6)  U(5)  O(5)! jN;nd; i: (1.151)
Sto pardeigma tou N = 3, h seniority paÐrnei timèc
 =
8>>><>>>:
3; 1 nd = 3
2; 0 nd = 2
1 nd = 1
0 nd = 0;
(1.152)
Diagrammatik oi anagwgÐsimec anaparastseic U(6)  U(5)  O(5) faÐnontai sto sq ma 1.5 .
Apì touc enapomeÐnantec tanustèc, eÐnai fanerì ìti o G1(d; d), eÐnai o tanust c thc O(3). 'Ara
par qjh oloklhrwmènh alusÐda pou anaparist thn antÐstoiqh dunamik  summetrÐa tou protÔpou,
U(6)  U(5)  O(5)  O(3): (1.153)
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H3,0L H3,1L
H1,0L
H2,0L
H0,0L H1,0L H0,0L
nd=3 nd=2 nd=1 nd=0
N=3
Sq ma 1.6: N=3, (,n)
Oi anagwgÐsimec plèon anaparastseic thc O(5) de perièqontai pl rwc stic mh anagwgÐsimec
anaparastseic thc O(3). Se aut  th perÐptwsh eisgoume me to qèri to legìmeno qamèno kbantikì
arijmì ¸ste h anagwg  na stèkei algebrik. H trìpoc me ton opoÐo brÐsketai èrqetai apì th mèjodo
twn hmi-spin kai sÔgkrish twn epipèdwn metaxÔ touc. O qamènoc kbantikìc arijmìc sqetÐzetai me ta
mpozìnia pou knoun sÔzeuxh an trÐa kai eÐnai to pl joc touc, sumbolÐzetai de me n kai paÐrnei
timèc apì to sÔnolo twn fusik¸n arijm¸n. H algebrik  sqèsh metaxÔ twn kbantik¸n arijm¸n
nd,,n eÐnai,
nd = nd    + 3n + ; (1.154)
ìpou  o kbantikìc arijmìc pou sqetÐzetai me th stroform  apì th sqèsh,
L = ; + 1; : : : 2: (1.155)
Ta epÐpeda thc summetrÐac mporoÔn na kajoristoÔn pl rwc apì to zeÔgoc tim¸n (; n). O
trìpoc me ton opoÐo paÐrnei timèc gÐnetai antilhptìc apì to pardeigma gia N = 3. 'Eqoume
nd = 3
8>>>><>>>>:
 = 3; 3 = 3  3 + 3 + 
(
 = 0;  = 3) L = 6; 4; 3
 = 1;  = 0) L = 0
)
 = 1; 3 = 3  1 + 3 + 
n
 = 0;  = 1) L = 1; 2
o
9>>>>=>>>>; (1.156)
nd = 2
8>><>>:
 = 2; 2 = 2  2 + 3 + 
n
 = 0;  = 2) L = 2; 3; 4
o
 = 0; 2 = 2  0 + 3 + 
n
 = 0;  = 0) L = 0
o
9>>=>>; (1.157)
nd = 1; 0
8<: nd = 1;  = 1; 1 = 1  1 + 3 + 
n
 = 0;  = 1) L = 1; 2
o
nd = 0;  = 0; 0 = 0  0 + 3 + 
n
 = 0;  = 0) L = 0
o 9=; (1.158)
H anaparstash thc summetrÐac se kbantik epÐpeda (; n) gia trÐa mpozìnia finetai diagram-
matik sto sq ma 1.6 .
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Sq ma 1.7: N=3,U(5),(nd; ; )
To fsma U(5)
'Eqontac brei thn O(3) èqei paraqjeÐ èna sÔnolo tautìqrona metr simwn fusik¸n megej¸n. Mia
bsh sto q¸ro Hilbert thc Qamiltonian c mporeÐ na oristeÐ apì tic katastseic, U(6)  U(5)  O(5)  O(3)N nd  n L
+
(1.159)
An briskìmaste se dunamik  summetrÐa to qarakthristikì polu¸numo thc alusÐdac eÐnai h Qa-
miltonian ,
H = e0+e1C1fU(6)g+e2C2fU(6)g+"C1fU(5)g+C2fU(5)g+C2fO(5)g+C2fO(3)g; (1.160)
hHi = e0 + e1N + e2N(N + 5) + "nd + nd(nd + 4) + 2( + 3) + 2L(L+ 1): (1.161)
H mèsh tim  thc Qamiltonian c aut c stic katastseic jN;nd; ; n; L;Mi, genn touc kanìnec
epilog c,
nd = 1; = 1; jLj  2: (1.162)
Oi kanìnec epilog c omadopoioÔn tic katastseic se energeiakèc z¸nec ìpwc faÐnetai sto sq ma 1.7.
Oi z¸nec eÐnai donhtikoÔ qarakt ra,oi katastseic touc prokÔptoun apì diègersh twn tetrapolik¸n
fwnonÐwn. Oi katastseic twn pur nwn pou "kjontai" stic anaparastseic tou sq matoc 1.7,
lègetai ìti ekdhl¸noun th dunamik  summetrÐa U(5).
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1.5 SU(3)
To sÔmfwno Nillson-Elliot, epbllei th parousÐa thc su(3). Sto prìtupo twn allhlepidr¸ntwn
mpozonÐwn to mpozìnio s prosfèrei to qamèno epiprìsjeto bajmì eleujerÐac gia th pragmtwsh thc
su(3). Apì touc tanustikoÔc telestèc 1.113 - 1.120 yqnoume ekeÐnouc pou orÐzoun to tetrapolikì
tanustikì telest . O tanust c autìc eÐnai deÔterhc txhc. Apì touc domikoÔc lÐjouc tou protÔpou
h pio genik  tètoia perÐptwsh eÐnai
Q^ = G2(d; s) +G
2
(s; d) +G
2
(d; d): (1.163)
Prgmati h lgebra su(3) kleÐnetai apì to tanustikì telest  G1(d; d) thc stroform c kai th
graf  tou pio genikoÔ tetrapolikoÔ telest  wc stoiqeÐou thc su(3),
Q^ = G2(d; s) +G
2
(s; d) +
p
7
2
G2(d; d) = [d
y~s]2 + [sy ~d]2 +
p
7
2
[dy ~d]2: (1.164)
Oi anaparastseic thc SU(3) orÐzontai apì to Casimir 2hc txhc,
C2fSU(3)g = 2
3
(2Q^  Q^+ 3
4
L^  L^); (1.165)
hC2fSU(3)gi = 2 + 2 + + 3(+ ) + L(L+ 1): (1.166)
1.5.1 U(6)SU(3)
Oi anaparastseic thc U(6) [N ], gia N mpozìnia, gÐnontai anagwgÐsimec se ekeÐnec thc SU(3). H
pio genik  anagwg  U(n)  SU(n) sthrÐzetai sth paraktw diapÐstwsh. Gia mia pl rwc antisum-
metropoihmènh katstash thc U(n), [1111 : : : 1], o pio genikìc metasqhmatismìc T (U) thc U(n),
apodeiknÔetai [29] ìti èqei th morf ,
T (U)	 = det (U)	: (1.167)
An det (U) = 1, afenìc o metasqhmatismìc thc U(n) sth [1111 : : : 1] eÐnai isodÔnamoc me to meta-
sqhmatismì thc U(n) sth [0], afetèrou h sqèsh det (U) = 1 gia touc metasqhmatismoÔc thc U(n),
orÐzei thn SU(n). 'Ara ta diagrmmata Young [f ] thc U(n) angontai se ekeÐna thc SU(n) wc [f s],
ìpou s o arijmìc twn pl rwn sthl¸n tou diagrmmatoc. Kat thn anagwg  U(n)  SU(n) kìboume
ìlec tic pl reic st lec apì th diamèrish Young. To m koc twn sthl¸n eÐnai n ra kìbontac ìlec
tic pl reic st lec apokomÐzoume digramma n   1 gramm¸n sunolik. Epomènwc oi anaparastseic
thc SU(n) taxinomoÔntai apì digramma n   1 gramm¸n. Autìc eÐnai ènac genikìc kanìnac gia tic
anaparastseic th SU(n).
Kat thn anagwg  U(6)  SU(3), an kai sth U(6) èqoun lhfjeÐ monqa oi pl rwc summetrikèc
anaparastseic, prokÔptoun kai antisummetrikèc anaparastseic kaj¸c afenìc U(6)  SU(3) 6=
U(n)  SU(n), afetèrou to digramma Young thc SU(3) sÐgoura èqei 3   1 = 2 grammèc. Apì
autèc tic grammèc oi kbantikoÐ arijmoÐ tou Elliot () eÐnai,
 = f1   f2;  = f2: (1.168)
35
HΛΜL=H60L HΛΜL=H22L HΛΜL=H00L
N=3
Sq ma 1.8: N=3,U(6)  SU(3)
H anagwg  twn anaparastsewn U(6)  SU(3) de gÐnetai bsei kpoiou genikoÔ kanìna. O
algìrijmoc pou prokÔptei sthrÐzetai sthn ex c parat rhsh.
Sth U(3)  SU(3), h pio apl  anaparstash thc U(3) orÐzetai apì to Casimir N = . MporeÐ
na prei treic timèc gia kje mia apì tic monoswmatidiakèc katastseic thc U(3), ra eÐnai tridi-
stath. H antÐstoiqh pio apl  tridistath anaparstash thc SU(3) eÐnai h (10). Autì ermhneÔthke
parapnw wc èna kbnto diègershc. Oi poluswmatidiakèc katastseic, dhlad  perissìtera kbnta
diègershc, st nontai apì aut ta jemeli¸dh dianÔsmata bshc wc ginìmen touc. Gia pardeigma
gia dÔo mpozìnia h anaparstash thc U(3) eÐnai,
 = + 
;
(1.169)
en¸ h anaparstash thc SU(3) eÐnai,
(10) (10) = (20) + (21): (1.170)
En gènei gia kje poluswmatidiak  katstash apodeiknÔetai ìti,
() (1; 0) = (+ 1; ) + (  1; + 1) + (;   1): (1.171)
Sth U(6)  SU(3) h pio apl  anaparstash thc U(6), N = , eÐnai exadistath. AntÐstoiqa
h pio apl  anaparstash thc SU(3) me ton autì arijmì diastsewn eÐnai h () = (20). 'Ara
sungoume ìti stic anaparastseic thc SU(3) mèsa sth U(6), o olikìc arijmìc twn mpozonÐwn
ja ikanopoieÐ th sqèsh 2N = nx + ny + nz, gia touc treic bajmoÔc eleujerÐac thc SU(3). Oi
poluswmatidiakèc katastseic ja sthrÐzontai sto ginìmeno twn jemeliwd¸n dianusmtwn,
(20) (20) = (40) + (20) + (02): (1.172)
Ed¸ oi summetrikèc anaparastseic (40),(02) thc SU(3) perièqontai sth summetrik  anaparsta-
sh [2] thc U(6) en¸ h (20) sthn [11]. Sth pio genik  perÐptwsh apodeiknÔetai ìti oi anaparastseic
thc U(6), N , angontai stic anapastastseic () thc SU(3) apì ton algìrijmo,
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[N ] = (2N; 0) +
8>>>>>>>>>>>>><>>>>>>>>>>>>>:
+(2N   4; 2) + (2N   8; 4) + : : :+
(
(0; N) N = even
(2; N   1) N = odd
)
+(2N   6; 0) + (2N   10; 2) + : : :+
(
(0; N   3) N   3 = even
(2; N   4) N   3 = odd
)
+(2N   12; 0) + (2N   16; 2) + : : :+
(
(0; N   6) N   6 = even
(2; N   7) N   6 = odd
)
:
(1.173)
'Ara pargontai oi katastseic,
U(6)  SU(3)! j[N ]; ()i: (1.174)
Gia pardeigma sta N = 3 mpozìnia,
[3] = (2  3; 0) + (2  3  4; 2) + (2  3  6; 0) = (6; 0) + (2; 2) + (0; 0): (1.175)
1.5.2 U(6) SU(3)O(3)
Apì touc telestèc thc su(3) krat¸ntac monqa to tanust  pr¸thc txhc gia th stroform  G1(d; d),
apokomÐzetai h lgebra o(3). 'Etsi pargetai kai h deÔterh alusÐda summetri¸n tou protÔpou U(6)
SU(3)O(3).
Oi kanìnec anagwg c gia th metbash SU(n)  O(3), èqei sugkekrimènh mèjodo pou parousi-
zetai analutik sth [Mpontsoc] kai sthrÐzetai stic katastseic
j[f ]j ; JMi: (1.176)
Oi diamerÐseic [f ]j anaparistoÔn tic idiìthtec summetrÐac tou diagrmmatoc Young wc proc th
stroform . SqetÐzontai me touc suntelestèc Glebsch-Gordon, dhlad  h olik  stroform  paÐrnei
rtiec   perittèc timèc anloga me th summetropoÐhsh   antisummetropoÐhsh antÐstoiqa. Wstìso
sthn anagwg  SU(3)  O(3) qrhsimopoioÔntai lìgw eukolÐac oi empeirikoÐ kanìnec tou Elliott. Se
kje anaparstash () o qamènoc kbantikìc arijmìc K paÐrnei timèc,
K = minfg;minfg   2; :::; 1or0: (1.177)
Gia kje K h stroform  L paÐrnei timèc,
L =
(
K;K + 1;K + 2; : : :K +maxfg ifK 6= 0
maxfg;maxfg   2; :::; 0 ifK = 0: (1.178)
Sto pardeigma tou N = 3 prokÔptoun oi ex c katastseic:
1. (6; 0) ) K = minfg = minf6; 0g = 0. 'Ara L = maxfg;maxfg   2; :::; 0 = 6; 4; 2; 0.
Telik (6; 0)) K = 0; L = 6; 4; 2; 0:
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Sq ma 1.9: N=3,SU(3)
2. (2; 2)) K = minfg;minfg   2 = minf2; 2g;minf2; 2g   2 = 2; 0::'Ara,
L =
(
K;K + 1;K +maxfg = 2; 3; 4 K = 2
maxfg;maxfg   2 = 2; 0 K = 0: (1.179)
Telik (2; 2)) K = 2) L = 6; 4; 2; 0 kai (2; 2)) K = 0) L = 2; 0.
3. (0; 0)) K = 0) L = 0.
To fsma SU(3)
Apo ta parapnw eÐnai fanerì pwc mia bsh sto q¸ro Hilbert thc Qamiltonian c mporeÐ na oristeÐ
apì tic katastseic,  U(6)  SU(3)  O(3)N () K L
+
(1.180)
An briskìmaste se dunamik  summetrÐa to qarakthristikì polu¸numo thc alusÐdac eÐnai h Qamilto-
nian ,
H = e0 + e1C1fU(6)g+ e2C2fU(6)g+ C2fSU(3)g+ C2fO(3)g; (1.181)
hHi = e0 + e1N + e2N(N + 5) + (2 + 2 + + 3(+ )) + L(L+ 1): (1.182)
H mèsh tim  thc Qamiltonian c aut c stic katastseic jN; ();K; L;Mi, genn touc kanìnec epi-
log c,  = 0; = 0. 'Opwc faÐnetai sto sq ma 1.9 to fsma dhmiourgeÐ peristrofikèc z¸nec
oi opoÐec diakrÐnontai apì tic diforec timèc tou K. H onomasÐa twn zwn¸n dÐnetai se sÔgkrish me
tic problèyeic tou protÔpou tou Bohr. Anloga me th talntwsh tou sullogikoÔ bajmoÔ eleu-
jerÐac (; ) dhmiourgoÔntai z¸nec peristrofik¸n katastsewn. Oi katastseic twn pur nwn pou
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"kjontai" stic anaparastseic tou sq matoc 1.9, lègetai ìti ekdhl¸noun th dunamik  summetrÐa
SU(3).
1.6 O(6)
H teleutaÐa alusÐda tou protÔpou eÐnai èna pardeigma thc autonomÐac thc algebrik c mejìdou.
H summetrÐa O(6) den eÐqe sumfwnhjeÐ se kanèna "epÐpedo koruf c", proèkuye aujìrmhta apì ta
digrammik ginìmena thc lgebrac u(6). Mèqri stigm c apì ìla ta pijan senria thc Qamilto-
nian c èqoume problèyei talantwtikoÔc kai peristrofikoÔc pur nec. Oi allhlepidrseic zeug¸n
pou eis qjhkan aforoÔn zeÔgh tÔpou [dydy]0  [ ~d ~d]0 sthn O(5) pou proèrqetai apì to ginìmeno
G3(d; d) G3(d; d) kai ì,ti enapomeÐnousa allhlepÐdrash zeug¸n mporeÐ na jewrhjeÐ ìti perièqetai
sto ginìmeno tou tetrapolikoÔ telest  thc SU(3), Q Q. Sth pio genik  Qamiltonian  tou protÔ-
pou, perièqontai allhlepidrseic dÔo swmtwn tÔpou [dydy]0  [~s~s]0+[sysy]0  [ ~d ~d]0. Algebrik logw
twn metajèsewn [dy; sy] = [dy; s] = [d; sy] = 0, tètoia ginìmena mporoÔn na parqroÔn apeujeÐac apì
to mèroc tou tetrapolikoÔ telest ,
[dy~s]2 + [sy ~d]2 = G2(d; s) +G
2
(s; d): (1.183)
Autìc o telest c mazÐ me touc telestèc thc O(5) domoÔn tanust  me 15 sunolik stoiqeÐa. H
lgebra O(n) gia rtio n, èqei sunolik n(n 1)2 stoiqeÐa, kai o arijmìc 15 antistoiqeÐ sthn O(6).
'Ara an apì th U(6) apomonwjoÔn ta stoiqeÐa,
G1(d; d) = [d
y  ~d]1;
T3  G3(d; d) = [dy  ~d]3;
G2(d; s) +G
2
(s; d) = [d
y  ~s]2 + [sy  ~d]2;
(1.184)
apokomÐzetai h lgebra O(6). Oi anaparastseic thc O(6), orÐzetai apì to telest  Casimir pou
eÐnai [30],
C2fO(6)g = C2fO(5)g+ (G2(d; s) +G2(s; d))_(G2(d; s) +G2(s; d)) =
= 2N^(N^ + 4)  8f( 12
P
m( )mdymdy m   12sysy)  ( 12
P
m( )m ~dm ~d m   12 ~s~s)g:
(1.185)
H parapnw allhlepÐdrash zeug¸n deÐqnei mia diafor tÔpou "pnw-ktw" se sqèsh me sÔzeuxh
twn d meÐon sÔzeuxh twn s. Se analogÐa me to formalismì twn hmi-spin, orÐzetai o telest c thc
allhlepÐdrashc zeug¸n P^ kai o Casimir thc O(6) paÐrnei th morf ,
C2fO(6)g = 2fN^(N^ + 4)  4P^ yP^g: (1.186)
Oi idiotimèc tou C2fO(6)g prosdiorÐzoun ta kbantik epÐpeda thc summetrÐac kai sqetÐzontai me
th genÐkeush thc stroform c se 6 bajmoÔc eleujerÐac, ìpwc h seniority sunist mia genÐkeush thc
stroform c se 5 bajmoÔc eleujerÐac. 'Opwc oi idiotimèc tou Casimir thc O(3) eÐnai L(L + 1), tou
Casimir thc O(5) eÐnai ( + 3), oi idiotimèc tou Casimir thc O(6) sumbolÐzontai me,
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hC2fO(6)gi = ( + 4): (1.187)
1.6.1 U(6)O(6)
To apìluta summetrikì digramma Young thc U(6) gia N mpozìnia èqei N koutkia,
[N ]   : : :  [N; 0; 0; 0; 0; 0]: (1.188)
Oi anagwgÐsimec anaparastseic thc U(6) taxinomoÔntai apì to kbantikoÔc arijmoÔc thc O(6).
En gènei h omda O(n) gia rtio arijmì monoswmatidiak¸n katastsewn èqei n=2 Casimir, ra h
O(6) ja qarakthrÐzetai apì treic kbantikoÔc arijmoÔc. An o tanust c thc O(6) anaparastajeÐ kat
Young, apì touc treic kbantikoÔc arijmoÔc thc O(6), lìgw thc summetropoÐhshc kratme monqa
èna,
  (; o; o): (1.189)
Se eujeÐa analogÐa me thn anagwg  U(5)  O(5), o tanust c thc U(6) grfetai sunart sei twn
tanust¸n thc O(6) me th mèjodo twn sustol¸n. H anagwg  twn anaparastsewn U(6)  O(6)
epitugqnetai afair¸ntac dÔo summetropoihmèna koutkia th for,
 = N;N   2; N   2  2; : : : 1 or 0: (1.190)
Sto pardeigma gia N = 3,
 = 3; 1: (1.191)
1.6.2 U(6)O(6)O(5)O(3)
Apì touc telestèc thc O(6) krat¸ntac mìno touc,
G1(d; d) = [d
y  ~d]1;
T3  G3(d; d) = [dy  ~d]3;
(1.192)
apokomÐzetai h lgebra O(5). Plèon h upìloiph alusÐda ìpwc kai oi kanìnec anagwg c eÐnai akrib¸c
Ðdia me th pr¸th alusÐda. H mình diafor eÐnai ìti sta kbantik epÐpeda thc O(5) h seniority
sumbolÐzetai me  . H anagwg  O(6)  O(5), eÐnai tÔpou O(n)  O(n  1), kai h  paÐrnei timèc,
 = ;    1; : : : ; 0: (1.193)
Wc ed¸ èqoume tic katastseic,
j[N ]()i: (1.194)
Sto pardeigma gia N = 3 lambnontai oi akìloujec katastseic thc O(6), pou anaparÐstantai
diagrammatik sto sq ma 1.10,
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Τ=0
Σ=3 Σ=1
N=3
Sq ma 1.10: N=3,U(6)  O(6)  O(5)
8><>:
 = 3)  = 3; 2; 1; 0
 = 1)  = 1; 0
9>=>; : (1.195)
H anagwg  U(6)  O(6)  O(5)  O(3) emperièqei to qamèno kbantikì arijmì  ston opoÐo
prosdÐdontai timèc  = 0; 1 : : :. O algìrijmoc anagwg c eÐnai,
 = 3 + ; L = 2; 2  2; : : : + 1; : (1.196)
To pardeigma gia N = 3 dÐnei tic ex c peript¸seic,
 = 3
8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
 = 3 = 3 + 
(
 = 0;  = 3) L = 6; 4; 3
 = 1;  = 0) L = 0
)
 = 2 = 3 + 
n
 = 0;  = 2) L = 4; 2
o
 = 1 = 3 + 
(
 = 0;  = 1) L = 2
)
 = 0 = 3 + 
n
 = 0;  = 0) L = 0
o
9>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>;
 = 1
8>>>><>>>>:
 = 1 = 3 + 
(
 = 0;  = 1) L = 2
)
 = 0 = 3 + 
n
 = 0;  = 0) L = 0
o
9>>>>=>>>>;
(1.197)
To fsma thc O(6)
Se aut  th perÐptwsh mia bsh sto q¸ro Hilbert thc Qamiltonian c mporeÐ na oristeÐ apì tic
katastseic,
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Sq ma 1.11: N=3,O(6),(; ; )
 U(6)  O(6)  O(5)  O(3)N    L
+
: (1.198)
Se aut  th dunamik  summetrÐa to qarakthristikì polu¸numo thc alusÐdac eÐnai h Qamiltonian ,
H = e0 + e1C1fU(6)g+ e2C2fU(6)g+ C2fO(6)g+ C2fO(5)g+ C2fO(3)g; (1.199)
hHi = e0 + e1N + e2N(N + 5) + 2( + 4) + 2( + 3) + 2L(L+ 1): (1.200)
H mèsh tim  thc Qamiltonian c aut c stic katastseic jN; (); ; ; Li, genn touc kanìnec
epilog c,  = 0; = 1. Ed¸ oi sqhmatizìmenec z¸nec den èqoun saf  peristrofikì   donhtikì
qarakt ra. Giutì to lìgo h onomasÐa touc eÐnai (quasi)   (quasi). Oi katastseic twn pur nwn
pou "kjontai" stic anaparastseic tou sq matoc 8, lègetai ìti ekdhl¸noun th dunamik  summetrÐa
O(6).
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Keflaio 2
Metabolèc sq matoc -fshc sth
Qamiltonian  tou Bohr
Oi pur nec ekdhl¸noun kbantikèc metabolèc fshc (metabolèc fshc thc basik c katstashc)
metaxÔ diafìrwn sqhmtwn wc proc th metabol  tou arijmoÔ twn noukleonÐwn, me apotèlesma
allagèc sth basik  katstash kai tic katastseic qamhl c enèrgeiac. Ed¸ ja perigrafoÔn eidikèc
lÔseic thc Qamiltonian c tou Bohr katllhlec gia to krÐsimo shmeÐo tètoiwn metabol¸n sq matoc
-fshc, ìpwc epÐshc kai llec eidikèc lÔseic pou efarmìzontai se suggeneÐc purhnikèc perioqèc.
2.1 Eisagwg 
Oi atomikoÐ pur nec ekdhl¸noun allagèc sta energeiak touc epÐpeda, kaj¸c kai stic hlektromagnh-
tikèc metabseic metaxÔ twn epipèdwn aut¸n, ìtan o arijmìc twn prwtonÐwn  (kai) twn noukleonÐwn
metablletai, me apotèlesma th metabol  sq matoc -fshc apì to èna eÐdoc sullogik c sumperifo-
rc sto llo. Autèc oi metabolèc den eÐnai oi sun jeic jermodunamikèc. EÐnai kbantikèc metabolèc
fshc [31] (arqik kaloÔmenec metabolèc fshc thc basik c katstashc [32]), pou ekdhl¸nontai
se Qamiltonianèc tou tÔpou H = c(H1 + gH2), ìpou c eÐnai ènac pargontac klÐmakac, g eÐnai mia
parmetroc elègqou, kai H1, H2 perigrfoun tic dÔo diaforetikèc fseic tou sust matoc. H fsh
tou sust matoc qarakthrÐzetai apì thn anamenìmenh tim  enìc katllhla epilegmènou telest , h
opoÐa qrhsimopoieÐtai wc h parmetroc txhc.
Sto plaÐsio tou IBM, to opoÐo perièqei tic dunamikèc summetrÐec U(5),SU(3),O(6), oi opoÐec
antistoiqoÔn se donhtikoÔc, axonik paramorfwmènouc kai astajeÐc kat  pur nec, oi metabolèc
sq matoc -fshc èqoun melethjeÐ ed¸ kai 25 qrìnia [32], mèsw tou klasikoÔ orÐou tou IBM [33,
26, 27], deÐqnontac ìti to prìtupo ekdhl¸nei (sÔmfwna me th sun jh taxinìmhsh kat Ehrenfest)
metabol  fshc deÔterhc txhc metaxÔ twn U(5) kai O(6), metabol  fshc pr¸thc txhc metaxÔ
U(5) kai SU(3) kai kamÐa metabol  fshc metaxÔ O(6) kai SU(3).
Ta trÐa ìria tou IBM topojetoÔntai stic korufèc tou trig¸nou [34] twn summetri¸n tou IBM
to opoÐo eÐnai epÐshc prìsforo kai gia th topojèthsh twn metabol¸n fshc -sq matoc [31].
Prìsfata suneidhtopoi jhke [35, 36] ìti oi idiìthtec twn pur nwn pou "kjontai" sto krÐsimo
shmeÐo, mporoÔn na perigrafoÔn apì katllhlec eidikèc lÔseic thc Qamiltonian c tou Bohr [37], oi
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opoÐec kaloÔntai summetrÐec krÐsimou shmeÐou. H krÐsimh summetrÐa E(5)[35] antistoiqeÐ sto krÐsimo
shmeÐo deÔterhc txhc metaxÔ U(5) kai O(6). H krÐsimh summetrÐa Q(5)[36] antistoiqeÐ sth metabol 
pr¸thc txhc metaxÔ U(5) kai SU(3). Oi E(5) kai Q(5) deÐqnontai sthn eikìna 2.1, dÐpla sta shmeÐa
twn metabol¸n pr¸thc kai deÔterhc txhc tou IBM, antÐstoiqa.
E(5)-β2k
X(5)-β2k
E(5)
X(5)Vibrator Rotor
γ-soft
phase transition
2nd order 
phase transition
1st order U(5) SU(3)
O(6)
Sq ma 2.1: (Pnw) To trÐgwno twn summetri¸n [34] me tic treic dunamikèc summetrÐec tou IBM na
topojetoÔntai stic korufèc tou. H perioq  thc sunÔparxhc twn fsewn dhl¸netai apì tic kekli-
mènec grammèc sto eswterikì tou trig¸nou. (Ktw) To antÐstoiqo trÐgwno [185] sto gewmetrikì
plaÐsio. Oi summetrÐec krÐsimou shmeÐou E(5) kai Q(5) topojetoÔntai kont sthn perioq  metabol c
fshc tou IBM. Ta montèla E(5)-2k kai Q(5)-2k anaparistoÔn domèc metaxÔ kajaroÔ donht  kai
summetrÐac krÐsimou shmeÐou.
H eisagwg  twn summetri¸n krÐsimou shmeÐou E(5)[35] kai Q(5)[36] èqei prokalèsei to endia-
fèron stic eidikèc lÔseic thc Qamiltonian c tou Bohr, pou antistoiqoÔn se diaforetikèc fusikèc
katastseic. Ed¸ ja parousiastoÔn kpoiec apì autèc, mazÐ me katllhla peiramatik paradeÐgmata
gia th kje perÐptwsh.
H aujentik  Qamiltonian  tou Bohr[37] eÐnai
H =   ~
2
2B

1
4
@
@
4
@
@
+
1
2 sin 3
@
@
sin 3
@
@
  1
42
X
k=1;2;3
Q2k
sin2
 
   23k

35+ V (; ); (2.1)
ìpou  kai  eÐnai oi sun jeic sullogikèc metablhtèc pou perigrfoun th morf  thc purhnik c
epifneiac, Qk (k = 1, 2, 3) eÐnai oi sunist¸sec thc stroform c, kai B eÐnai h parmetroc mzac.
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Gia poll qrìnia  tan gnwstì [38] ìti o akrib c qwrismìc twn metablht¸n sumbaÐnei sthn an-
tÐstoiqh exÐswsh tou Schrodinger qrhsimopoi¸ntac dunamik thc morf c V (; ) = U(), dhlad 
anexrthta thc metablht c , antapokrinìmena se astajeÐc kat  (-soft) pur nec. Tìte oi ku-
matosunart seic paÐrnoun th morf  	(; ; i) = f()(; i), ìpou i (i = 1; 2; 3) eÐnai oi gwnÐec
Euler pou perigrfoun to prosanatolismì tou pur na sto q¸ro.
Oi timèc thc stroform c L pou perièqontai se kje anaparstash thc SO(5) (dhl. gia kje tim 
tou ) wc gnwstìn, dÐnontai apì ton algìrijmo [14]  = 3 + , ìpou  = 0, 1, . . . o elleÐpwn
kbantikìc arijmìc sthn anagwg  SO(5)  SO(3), kai L = ;  + 1; : : : ; 2   2; 2 (me 2   1 na
apousizei). Oi epitrepìmenec timèc thc L gia kje (; ) brÐskontai se pÐnakec stic [14, 41, 42].
H exÐswsh gia to aktinikì mèroc mporeÐ na aplopoihjeÐ [35] eisgontac tic anhgmènec enèrgeiec
 = 2B~2 E kai ta anhgmèna dunamik u =
2B
~2 U . En tèlei h morf  thc lÔshc gia thn aktinik  exÐswsh
exarttai apì thn epilog  tou U().
2.1.1 E(5)
Sth perÐptwsh thc E(5) [35, 42], qrhsimopoieÐtai èna 5-distato peiro phgdi, [u() = 0 an   W ,
u() =1 gia  > W ], me thn aitiolìghsh ìti sto krÐsimo shmeÐo miac metabol c sq matoc -fshc
deÔterhc txhc, to dunamikì anamènetai na eÐnai perÐpou epÐpedo. Tìte h exÐswsh gia th metablht 
 paÐrnei th morf  thc exÐswshc Bessel txewc  =  + 3=2, me idiosunart seic anlogec twn
sunart sewn Bessel J+3=2(z) (me z = k, k =
p
), en¸ to fsma kajorÐzetai apì tic rÐzec twn
sunart sewn Bessel
E; =
~2
2B
k2; ; k; =
x;
W
(2.2)
ìpou x; eÐnai h -ost  rÐza thc sunrthshc Bessel J+3=2(z).
To anaduìmeno fsma eÐnai apeleujerwmèno apì eleÔjerec paramètrouc, ektìc apì èna sunolikì
pargonta klÐmakac,o opoÐoc orÐzetai apì thn kanonikopoÐhsh ìlwn twn energei¸n sthn enèrgeia
thc pr¸thc diegermènhc katstashc 2+, dhlad  thn 2+1 . Ed¸ o lìgoc R4=2 = E(4
+
1 )=E(2
+
1 ) eÐnai
2.199 . To autì isqÔei kai gia tic timèc twn B(E2), oi opoÐec kanonikopoioÔntai sthn B(E2) pou
sundèei tic dÔo qamhlìterec katastseic, B(E2; 2+1 ! 0+1 ). H summetrÐa se aut  thn perÐptwsh
[42] eÐnai h E(5) SO(5)  SO(3)  SO(2).
An to dunamikì èqei th morf  u() = 2=2, apokomÐzetai h arqik  lÔsh tou Bohr[37, 43], pou an-
tapokrÐnetai se ènan 5-distato armonikì talantwt  kai antanakl th summetrÐaU(5)SO(5)SO(3)SO(2)
[44]. Oi idiosunart seic tou dunamikoÔ autoÔ perièqoun polu¸numa tou Laguerre[45] kai to fsma
paÐrnei thn apl  morf  EN = N +5=2, me N = 2 +  kai  = 0; 1; 2; 3; : : :, to opoÐo èqei R4=2 = 2.
H sÔgkrish twn fasmtwn tou dunamikoÔ u() = 2=2 kai tou protÔpou E(5) dhl¸nei thn
antistoiqÐa  =    1.
To dunamikì Davidson u() = 2+ 
4
0
2 (ìpou 0 h jèsh tou elqistou tou dunamikoÔ) [46, 47, 48]
epÐshc odhgeÐ se idiosunart seic pou perièqoun ta polu¸numa tou Laguerre, me tic idiotimèc na eÐnai
[47, 48] (se mondec ~! = 1)
En; = 2n+ 1 +
"
 +
3
2
2
+ 40
#1=2
: (2.3)
Gia 0 = 0 apokomÐzetai h proanaferjeÐsa arqik  lÔsh tou Bohr [U(5)], en¸ gia 0 ! 1
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apokomÐzetai to ìrio O(6) tou IBM [47]. Sungetai me autì to trìpo ìti to dunamikì Davidson
pargei th sÔndesh twn orÐwn U(5) kai O(6) monoparametrik (0). Ja kalèsoume autì to prìtupo
E(5)-D. Mia tètoia sÔndesh mporeÐ na eisaqjeÐ kai mèsw prosèggishc metabol¸n [49, 50], ìpou oi
rujmoÐ metabol c twn energeiak¸n lìgwn RL = E(L
+
1 )=E(2
+
1 ) thc z¸nhc thc basik c katstashc
wc proc th parmetro 0 megistopoioÔntai gia kje L qwrist. Ta apotelèsmata odhgoÔn se
energeiakì fsma polÔ kont se ekeÐno thc E(5) [49]. H mèjodoc èqei epÐshc efarmosteÐ kai se
llec z¸nec ìpwc epÐshc kai stouc rujmoÔc metbashc B(E2) [50].
H akoloujÐa twn dunamik¸n u2n() =
2n
2 (me n akèraio) odhgeÐ gia n = 1 sth perÐptwsh
tou Bohr, en¸ gia n ! 1 odhgeÐ sto peiro phgdi thc E(5) [51]. Epomènwc aut  h akoloujÐa
twn dunamik¸n pargei mia gèfura metaxÔ thc summetrÐac U(5) kai tou protÔpou E(5), h opoÐa
qrhsimopoieÐ thn koin  alusÐda upoalgebr¸n SO(5)SO(3) gia th taxinìmhsh twn fasmtwn. Gia
n 6= 1 èqoun apokomisteÐ arijmhtikèc lÔseic [52, 53, 41]. Gia n = 2, 3, 4, oi lÔseic anafèrontai
wc E(5)-4, E(5)-6, kai E(5)-8, oi opoÐec odhgoÔn se lìgouc R4=2 = 2:093, 2.135, kai 2.157
antÐstoiqa. Pl rh energeiak fsmata me B(E2) dÐnontai sthn [41].
H sÔndesh metaxÔ thc E(5) kai tou astaj  kat  peristrofèa O(5), dhlad  h sÔndesh pou
afor to upìloipo aut c thc pleurc tou trig¸nou tou IBM, èqei apokomisteÐ gia èna peiro phgdi
me sÔnora M > m > 0 [54]. To prìtupo autì, to opoÐo kaleÐtai O(5)-CBS, giatÐ eÐnai èna astajèc
kat  anlogo tou periorismènou astajoÔc kat  protÔpou Conned Beta Soft (CBS) [55, 56],
perièqei mia eleÔjerh parmetro, r = m=M , me th tim  r = 0 na antapokrÐnetai sto prìtupo
E(5) kai r ! 1 na dÐnei to ìrio tou astajoÔc kat  peristrofèa O(5).
Paraktw anafèrontai kai llec lÔseic se autì to plaÐsio.
a) Morf  protÔpou E(5) ìpou antÐ tou apeÐrou phgadioÔ qrhsimopoieÐtai phgdi peperasmènou
bjouc [57].
b) O talantwt c èktou bajmoÔ, pou eÐnai èna hmÐ- akrib¸c epilÔsimo dunamikì [58, 59], èqei epÐshc
qrhsimopoihjeÐ wc èna anexrthto kat  dunamikì [60].
g) Dunamik tÔpou Coulomb kai Kratzer èqoun epÐshc qrhsimopoihjeÐ [61].
d) Sthn [62] efarmìzetai èna grammikì dunamikì. EpÐshc dÐnetai mia anaskìphsh ìlwn twn
dunamik¸n pou pou qrhsimopoioÔntai se autì to plaÐsio.
e) Sthn [63] anaptÔssetai èna ubridikì prìtupo pou sunÐstatai apì ènan armonikì talantwt  gia
L  2 kai èna peiro phgdi gia L  4.
2.1.2 Peiramatikèc endeÐxeic gia thn E(5)
O pr¸toc pur nac pou anagnwrÐsthke wc E(5)  tan to 134Ba [64], en¸ to 102Pd [65] faÐnetai na
eÐnai kalìc upoy fioc. Epiplèon melètec sto 134Ba [66] kai sto 102Pd [67], ìpou to fainìmeno tou
backbending apousizei apì th z¸nh thc basik c katstashc, endunam¸noun aut n thn prooptik ,
kaj¸c brÐskontai se risth sumfwnÐa (èwc meglec timèc thc stroform c) me to apallagmèno apì
paramètrouc prìtupo E(5). EpÐshc ta 104Ru [68], 108Pd [69], 114Cd [70], kai 130Xe [71] èqoun
protajeÐ wc kaloÐ upoy fioi. Mia susthmatik  melèth [72, 73] apì diajèsima dedomèna se enèrgeiec
kai rujmoÔc B(E2) proteÐnoun akìmh touc pur nec 102Pd, 106;108Cd, 124Te, 128Xe kai 134Ba wc
pijanoÔc upoyhfÐouc, me to 128Xe wc to pijanìtero, epiprosjètwc tou 134Ba.
Ta parapnw brÐskontai se sumfwnÐa me th prìsfath anafor [74] se metr seic twn rujm¸n E1
kai M1 gia ta 124 136Xe, pou èginan sth Stoutgkrdh kai dÐnoun s ma gia th diereÔnhsh metabol¸n
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sq matoc fshc sth perioq  A ' 130. To 128Xe metr jhke (Noèmbrioc 2006) sth Jyvaskyla [75].
Prìsfata to 58Cr epÐshc protjhke wc upoy fioc [76].
H upìjesh enìc epÐpedou dunamikoÔ gia th metablht   sth summetrÐa E(5) èqei exetasteÐ kai
mèsw thc sqetikistik c jewrÐac mèsou pedÐou [77]. Se aut  th perÐptwsh kataskeuzontai oi iso-
dunamikèc epifneiec [Potential Energy Surfaces(PESs)], oi opoÐec antapokrÐnontai stouc pur nec
pou brÐskontai kont sth summetrÐa E(5) kai h upìjesh thc E(5) sqedìn epibebai¸netai kaj¸c to
sq ma twn epifanei¸n eÐnai perÐpou epÐpedo.
2.1.3 PerittoÐ pur nec: E(5/4) kai E(5/12)
'O,ti prohg jhke eÐnai katllhlo gia th perigraf  rtiwn-rtiwn pur nwn se krÐsima shmeÐa. Perit-
toÐ pur nec perigrfontai mèsw thc sÔzeuxhc tou rtiou mèrouc tou pur na me to perittì noukleìnio
[78, 42]. To rtio mèroc perigrfetai apì to prìtupo E(5), en¸ h sÔzeux  tou me to perittì noukle-
ìnio perigrfetai apì thn 5-distath allhlepÐdrash spin-troqic. An to noukleìnio autì brÐsketai
se floiì me j = 3=2, anadÔetai h upersummetrÐa E(5/4) [78, 42] , en¸ an o floiìc eÐnai to sÔsthma
twn noukleonik¸n epipèdwn j = 1=2, 3/2, 5/2, apokomÐzetai h upersummetrÐa E(5/12)[79].
Metabolèc sq matoc -fshc apì sfairikèc se astajeÐc kat  morfèc gia perittoÔc pur -
nec èqoun melethjeÐ [80, 81] sto plaÐsio tou protÔpou allhlepidr¸ntwn mpozonÐwn-fermionÐwn
[Interacting Boson Fermion Model (IBFM)] [82, 83] gia thn perÐptwsh tou perittoÔ noukleonÐ-
ou sto floiì j = 3=2. Oi metabolèc sq matoc -fshc gia perittoÔc pur nec èqoun epÐshc melethjeÐ
[84] gia thn perÐptwsh tou noukleonÐou se sÔsthma epipèdwn me j = 1=2, 3/2, 5/2, sto plaÐsio thc
upersummetrÐac U(5/12) [82, 83], me kal apotelèsmata sth perioq  Os{Hg.
Mia pr¸th prospjeia antistoÐqishc purhnikoÔ fsmatoc kai thc upersummetrÐac E(5/4) èqei
gÐnei gia to 135Ba [85], me amfilegìmena apotelèsmata. 'Iswc h perioq  Ir{Au na eÐnai katallhlìterh,
dedomènou ìti h upersummetrÐa U(6/4) èqei  dh brejeÐ ekeÐ [82, 83]. Tèloc o 63Cu, ja mporoÔse na
eÐnai ènac kalìc upoy fioc gia thn E(5/4), ìpwc suzhteÐtai sthn [78], molonìti den eÐnai kai tìso
barÔc.
2.2 X(5) kai sqetikèc lÔseic
Sthn perÐptwsh tou Q(5) efarmìzontai sth Qamiltonian  tou Bohr dunamik thc morf c U(; ) =
u() + v() gia thn epÐlush thc exÐswshc (2.1). H antÐstoiqh exÐswsh tou Schrodinger paÐrnei th
morf  	(; ; i) = LK(; )DLM;K(i), ìpou i (i = 1, 2, 3) eÐnai oi gwnÐec Euler, D(i) dhl¸noun
tic sunart seic Wigner, L eÐnai oi idiotimèc thc stroform c, en¸ M kai K eÐnai oi probolèc thc
stroform c ston xona z tou sust matoc tou ergasthrÐou kai ston xona z0 tou sust matoc hremÐac
tou pur na antÐstoiqa.
H diereÔnhsh se aut  thn perÐptwsh afor pur nec polÔ kont sthn axonik  summetrÐa, dhlad 
 = 0. Tìte qrhsimopoieÐtai dunamikì armonikoÔ talantwt  v() = (3c)22=2. Kont sto ìrio
 = 0, o teleutaÐoc ìroc sth qamiltonian  tou Bohr grfetai sth morf  [36]X
k=1;2;3
Q2k
sin2
 
   23 k
  4
3
(Q21 +Q
2
2 +Q
2
3) +Q
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3

1
sin2 
  4
3

: (2.4)
H qr sh tou anwtèrw apotelèsmatoc sthn antÐstoiqh exÐswsh tou Schrodinger gia th qamilto-
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nian  thc exÐswshc (2.1), me thn eisagwg  twn anhgmènwn energei¸n  = 2BE=~2, twn anhgmènwn
dunamik¸n u = 2BV=~2 ìpwc sthn E(5), kai lambnontac upìyh ìti to anhgmèno dunamikì eÐnai thc
morf c U(; ) = u() + v(), fèrnei to apotèlesma tou qwrismoÔ thc exÐswshc tou Schrodinger
se dÔo exis¸seic [36].
Sthn exÐswsh pou perièqei th metablht  , oi paronomastèc 2 epizoÔn, apl antikajÐstantai
apì tic mèsec timèc touc stic kumatosunart seic , h2i. Lambnontac upìyh tic aplopoi seic pou
prokÔptoun apì thn tim  tou , pou eÐnai kont sto mhdèn, h sqetik  exÐswsh paÐrnei morf  pou
antapokrÐnetai se disdistato armonikì talantwt  gia to , me kumatosunart seic anlogec twn
poluwnÔmwn Laguerre [36]. H morf  thc lÔshc gia thn aktinik  exÐswsh exarttai telik apì thn
epilog  gia to u().
2.2.1 X(5)
'Opwc kai sth perÐptwsh thc E(5), sthn Q(5) [36] to dunamikì pou qrhsimopoieÐtai eÐnai 5-distato
peiro phgdi. H sqetik  exÐswsh èqei xan th morf  Bessel, me th diafor ìti h txh thc eÐnai
 =

L(L+ 1)
3
+
9
4
1=2
: (2.5)
Oi lÔseic thc diathroÔn th morf  thc (2.2), me ta (; ) na antikajÐstantai apì ta (s; L), ìpou
s eÐnai h txh thc sqetik c rÐzac thc sunrthshc Bessel J(ks;L).
To antÐstoiqo prìtupo eÐnai akrib¸c epilÔsimo kai anafèretai wc Q(5). H onomasÐa ed¸ de
shmaÐnei anagkastik kpoia omda summetrÐac an kai uprqei mia susqètish me proballìmenec
anaparastseic thc E(5), thc eukleÐdiac omdac se 5 diastseic [36].
H olik  enèrgeia èqei th morf 
E(s; L; n ;K;M) = E0 +B(xs;L)
2 +An + CK
2; (2.6)
ìpou n eÐnai o kbantikìc arijmìc tou disdistatou armonikoÔ talantwt  gia thn exÐswsh thc ,
en¸ E0, A, B, C eÐnai eleÔjerec parmetroi.
Apo aut  thn exÐswsh eÐnai fanerì ìti ta fsmata gia th z¸nh thc basik c katstashc kai th
z¸nh , exart¸ntai monqa apì èna pargonta klÐmakac, o opoÐoc kajorÐzetai apì th kanonikopoÐhsh
twn zwn¸n sthn enèrgeia thc katstashc 2+1 , en¸ oi pr¸tec stjmec twn zwn¸n  eÐnai parametrik
exarthmènec. Wstìso, oi apostseic twn stajm¸n mèsa sth z¸nh  eÐnai kajorismènec [86]. O
lìgoc R4=2 eÐnai 2.904 .
2.2.2 'Allec lÔseic
Gia u() = 2=2 apokomÐzetai akrib¸c epilÔsimo prìtupo, to opoÐo kaleÐtai Q(5)-2 [87], me tic
idiosunart seic tou na perièqoun polu¸numa tou Laguerre kai to fsma na èqei th morf 
En;L = 2n+ 1 +
r
9
4
+
L(L+ 1)
3
; n = 0; 1; 2; : : : (2.7)
me R4=2 = 2:646. To fsma tou dunamikoÔ u() = 2=2 kai tou protÔpou Q(5) gÐnontai mesa
sugkrÐsima mèsw thc antistoiqÐac n = s   1, ìpou n o sun jhc kbantikìc arijmìc tou armonikoÔ
talantwt .
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To dunamikì Davidson, u() = 2 + 
4
0
2 (me 0 na eÐnai h jèsh tou elqistou gia to dunamikì)
[46, 47, 48], odhgeÐ epÐshc se idiosunart seic pou perièqoun polu¸numa tou Laguerre, me tic idiotimèc
thc enèrgeiac na eÐnai [49, 50] (se mondec ~! = 1)
En;L = 2n+ 1 +

1
3
L(L+ 1) +
9
4
+ 40
1=2
: (2.8)
Gia 0 = 0 apokomÐzetai h proanaferjeÐsa lÔsh tou X(5)-2, en¸ gia 0 ! 1 apokomÐzetai
h lÔsh tou sumpagoÔc peristrofèa. Sungetai ìti to dunamikì Davidson pargei mia monopara-
metrik  sÔndesh metaxÔ tou Q(5)-2 kai tou sumpagoÔc peristrofèa. 'Opwc kai sthn perÐptwsh
tou E(5), mporeÐ na eisaqjeÐ mia anlush metabol¸n [49, 50], ìpou oi rujmoÐ metabol c tou lìgou
twn energei¸n RL = E(L
+
1 )=E(2
+
1 ) thc z¸nhc thc basik c katstashc wc proc thn parmetro 0
megistopoioÔntai qwrist gia kje L. Ta apotelèsmata odhgoÔn se energeiakì fsma polÔ kont
se ekeÐno tou Q(5) [49]. H mèjodoc èqei epÐshc efarmosteÐ kai se llec z¸nec, ìpwc epÐshc kai
stouc rujmoÔc metbashc B(E2) [50].
H oikogèneia twn dunamik¸n u2n() =
2n
2 (me n akèraio) odhgeÐ gia n = 1 sthn perÐptwsh
Q(5)-2, en¸ gia n ! 1 odhgeÐ sto peiro phgdi thc Q(5) [51]. Epomènwc kai ed¸ h oikogèneia
aut  pargei th sÔndesh metaxÔ thc lÔshc Q(5)-2 kai thc Q(5), gia th perioq  tou trig¸nou pou
brÐsketai metaxÔ U(5) kai Q(5). Gia thn perÐptwsh n 6= 1 èqoun apokomisteÐ arijmhtikèc lÔseic [87].
Gia tic peript¸seic n = 2, 3, 4, oi lÔseic anafèrontai wc Q(5)-4, Q(5)-6, kai Q(5)-8, odhg¸ntac
se lìgouc R4=2 = 2:769, 2.824 kai 2.852 antÐstoiqa. Ta pl rh fsmata dÐnontai sthn [87].
H sumplhrwmatik  sÔndesh gia thn olokl rwsh thc antÐstoiqhc pleurc tou trig¸nou, dhlad 
metaxÔ thc Q(5) kai thc SU(3), èqei apokomisteÐ qrhsimopoi¸ntac gia dunamikì peiro phgdi me
sÔnora M > m > 0 [55, 56]. Ed¸, to prìtupo, to opoÐo kaleÐtai periorismèno astajèc kat 
[Conned Beta-Soft(CBS)] [55, 56] prìtupo, perièqei mian eleÔjerh parmetro, r = m=M , me
thn tim  r = 0 na antistoiqeÐ sto Q(5) kai to ìrio r ! 1 na dÐnei ton sumpag  peristrofèa.
Paraktw anafèrontai sunoptik llec lÔseic se autì to plaÐsio.
a) Sthn [88] jewreÐtai dunamikì me keklimèno to dexiì teÐqoc. H klÐsh tou teÐqouc tou dunamikoÔ
mei¸nei thn aÔxhsh twn energeiak¸n stajm¸n gia th z¸nh  wc sunrthsh tou L, se sÔgkrish me
to Q(5). Me autìn ton trìpo belti¸netai h sumfwnÐa me to peÐrama.
b) Sthn [89] qrhsimopoioÔntai dunamik tÔpou Coulomb kai Kratzer.
g) O qwrismìc twn metablht¸n kat prosèggish sthn Q(5) èqei exetasteÐ prìsfata mèsw thc a-
kriboÔc diagwnopoÐhshc thc qamiltonian c tou Bohr [90], qrhsimopoi¸ntac thn prìsfata eisaqjeÐsa
[91, 92, 93] kai upologistik diaqeirÐsimh morf  tou sullogikoÔ protÔpou twn Bohr{Mottelson.
d) H qr sh dunamik¸n thc morf c U(; ) = u() + v()=2 apofèrei akrib  qwrismì twn
metablht¸n [38]. Me autìn ton trìpo mporoÔn na kataskeuastoÔn prìtupa anloga twn Q(5) kai
Q(5)-2, ta opoÐa kaloÔntai ES-X(5) kai ES-X(5)-2 antÐstoiqa [94], kajìson o qwrismìc twn
metablht¸n se aut eÐnai akrib c Exactly Separable.
e) H qr sh periodik¸n dunamik¸n v() sto plaÐsio tou Q(5) melet jhke prìsfata sthn [95].
Mia anaskìphsh ìlwn twn dunamik¸n pou qrhsimopoioÔntai sto Q(5) dÐnetai sthn [62].
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2.2.3 Q(3)
H eidik  perÐptwsh gia thn opoÐa h metablht   pag¸nei, dhlad   = 0, en¸ parllhla gia th
metablht   qrhsimopoieÐtai to dunamikì tou peirou phgadioÔ, odhgeÐ se akrib  qwrismì twn me-
tablht¸n se treic diastseic kai kaleÐtai Q(3) [96]. Oi treic metablhtèc tou Q(3) eÐnai h  kai
dÔo gwnÐec gia tic sfairikèc suntetagmènec, afoÔ h sunj kh  = 0 epibllei axonik summetrikì
epÐmhkec sq ma, gia to opoÐo oi dÔo gwnÐec twn sfairik¸n suntetagmènwn eÐnai arketèc gia ton
kajorismì tou prosanatolismoÔ tou sto q¸ro.
O qwrismìc twn metablht¸n einai akrib c se aut n thn perÐptwsh. To gwniakì mèroc èqei tic
sun jeic idiosunart seic, pou eÐnai oi sfairikèc armonikèc me idiotimèc L(L+1), en¸ gia thn exÐswsh
thc metablht c , sthn opoÐa qrhsimopoieÐtai èna peiro phgdi, paÐrnei th morf  Bessel. H morf 
twn aktinik¸n idiosunart sewn eÐnai ìmoia me tou Q(5), all h txh touc eÐnai
 =
r
L(L+ 1)
3
+
1
4
; (2.9)
h opoÐa ja prèpei na sugkrijeÐ me thn exÐswsh (2.5).
AxÐzei na shmeiwjeÐ ed¸ h omoiìthta me thn E(3), thn eukleÐdia lgebra se treic diastseic. H
E(3) eÐnai to hmieujÔ jroisma thc lgebrac T3 twn grammik¸n metatopÐsewn se treic diastseic
kai thc lgebrac SO(3) twn peristrof¸n se treic diastseic [97]. To prìblhma twn idiotim¸n gia
ton L2, pou eÐnai ènac telest c Casimir deÔterhc txhc thc E(3), odhgeÐ epÐshc [97, 41] se ìmoia
lÔsh, me thn antikatstash  = L+ 12 =
q
L(L+ 1) + 14 .
Apì th summetrÐa twn kumatosunart sewn wc proc to epÐpedo pou eÐnai kjeto ston xona
summetrÐac tou pur na kai pern apì ton xon tou, sumperaÐnetai ìti h stroform  L lambnei
monqa rtiec, mh mhdenikèc timèc. Epomènwc, se autì to prìtupo oi z¸nec  apousizoun ìpwc
llwste anamènetai apì to pgwma tou antÐstoiqou bajmoÔ eleujerÐac . O lìgoc energei¸n R4=2
eÐnai 2.44 . Pl rh fsmata dÐnontai sthn [96].
2.2.4 Peiramatikèc endeÐxeic gia thn Q(5)
O pr¸toc pur nac pou anagnwrÐsthke na ekdhl¸nei th sumperifor thc Q(5)  tan o 152Sm [98], kai
akoloÔjhse o 150Nd [99]. Oi endeÐxeic autèc endunam¸jhkan apì tic melètec twn [100, 101, 102, 86]
gia to 152Sm kai twn [101, 102, 103] gia to 150Nd. Ta geitonik isìtona me N=90, 154Gd [104, 105]
kai 156Dy [105, 106], faÐnontai na eÐnai kal paradeÐgmata gia thn Q(5), me to 156Dy na eÐnai
 ssonoc poiìthtac. Sth barÔterh perioq , to 162Yb [107] kai to 166Hf [108] èqoun epÐshc protajeÐ
wc upoy fioi. Pio prìsfata peirmata sto 176Os kai to 178Os [109] deÐqnoun pwc to teleutaÐo eÐnai
kalì pardeigma thc Q(5).
Epiprosjètwc twn isotìnwn Nd, Sm, Gd, kai Dy thc perioq c N=90, h susthmatik  melèth
twn [110] se diajèsima peiramatik dedomèna gia tic energeiakèc stjmec kai touc rujmoÔc met-
bashc B(E2), proteÐnei to 126Ba kai to 130Ce wc pijanèc kalèc upoyhfiìthtec. 'Omoia melèth se
elafrÔterouc pur nec [111] proteÐnei ta 76Sr, 78Sr kai 80Zr wc pijanoÔc upoy fiouc. To 104Mo
eÐqe protajeÐ wc upoy fioc thc Q(5) bsei diajèsimwn fasmtwn [112, 111], ìmwc metagenèsterec
metr seic stic timèc twn rujm¸n B(E2) èdwsan apotelèsmata pio kont sto ìrio tou sumpagoÔc
peristrofèa [113].
To 122Ba [114] brÐsketai upì diereÔnhsh, kaj¸c h z¸nh thc jemeli¸douc katstas c tou sumpÐ-
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ptei me ekeÐnh tou Q(5).
Prìsfatec metr seic [115] sto 128Ce deÐqnoun ìti kai autìc o pur nac eÐnai èna kalì pardeigma
gia thn Q(5). Autì eÐnai kpwc anamenìmeno, kaj¸c to 128Ce, èqontac 8 prwtìnia sjènouc kai 12
netronikèc opèc sjènouc, jumÐzei to 152Sm, to opoÐo èqei 12 prwtìnia sjènouc kai 8 netronikèc opèc
sjènouc, to opoÐo xèroume ìti eÐnai kalì pardeigma gia thn Q(5).
H upìjesh enìc epÐpedou dunamikoÔ gia th metablht   sth summetrÐa Q(5) èqei epÐshc exetasteÐ
me thn kataskeu  isodunamik¸n epifanei¸n [Potential Energy Surfaces (PES)], pou aforoÔn touc
pur nec kont sth summetrÐa Q(5), mèsw thc sqetikistik c jewrÐac mèsou pedÐou [77, 116, 117,
118]. Oi sqetikèc PES ekdhl¸noun èna topikì mègisto sth mèsh, se sumfwnÐa me upologismoÔc
pou qrhsimopoioÔn mian energ  paramìrfwsh , prosdiorizìmenh apì mèjodo twn metabol¸n met
apì probol  thc stroform c kai mÐxh dÔo stajm¸n [119]. To topikì mègisto ekdhl¸netai kai se
upologismoÔc Nilsson-Strutinsky-BCS [120] gia to 152Sm kai to 154Gd.
2.3 Z(5) kai sqetik prìtupa
H Z(5) [121] eÐnai èna anlogo thc Q(5) gia touc triaxonikoÔc pur nec. H analogÐa aut  anadÔetai
apì th suggèneia twn efarmozìmenwn dunamik¸n, kaj¸c kai stic dÔo peript¸seic eÐnai thc morf c
U(; ) = u() + v(). Sthn perÐptwsh thc Q(5) h qamiltonian  aplopoieÐtai apì thn epikèntrwsh
sthn perioq  kont sto  ' 0, h opoÐa antistoiqeÐ se axonik summetrikoÔc epim keic pur nec. Sth
Z(5) h prosoq  epikentr¸netai sthn perioq  kont sto  ' =6, h opoÐa antistoiqeÐ sth mègisth
dunat  triaxonikìthta.
An isqÔei ìti  = =6, tìte h probol  thc stroform c ston xona x^0 tou sust matoc hremÐac
tou pur na, sumbolizìmenh me , eÐnai kalìc kbantikìc arijmìc [122], en¸ h probol  ston xona
z^0 tou sust matoc hremÐac tou pur na, sumbolizìmenh me K, den eÐnai kalìc kbantikìc arijmìc.
H antÐstoiqh exÐswsh tou Schrodinger grfetai sth morf  	(; ; i) = L(; )DLM;(i), me i
(i = 1, 2, 3) na eÐnai oi gwnÐec Euler, D(i) na eÐnai oi sunart seic Wigner, L na eÐnai oi idiotimèc
thc stroform c, en¸ M kai  na eÐnai oi idiotimèc twn probol¸n thc stroform c ston xona z tou
sust matoc ergasthrÐou kai ton xona x0 tou sust matoc hremÐac tou pur na antÐstoiqa. O kban-
tikìc arijmìc  prèpei na eÐnai rtioc akèraioc [122]. AntÐ thc probol c , suqn qrhsimopoieÐtai
o kbantikìc arijmìc thc astjeiac (wobbling quantum number) [122, 123] nw = L  .
Gia thn perÐptwsh thc mègisthc triaxonikìthtac,  = =6, qrhsimopoieÐtai to dunamikì tou
armonikoÔ talantwt , v() = c
 
   6
2
=2 = c~2=2, me ~ =    =6.
Sthn perÐptwsh pou to dunamikì èqei elqisto gÔrw apì to  = =6, o teleutaÐoc ìroc thc
exÐswshc (2.1) grfetai sth morf 
X
k=1;2;3
Q2k
sin2
 
   23 k
  Q21 + 4(Q22 +Q23) = 4(Q21 +Q22 +Q23)  3Q21: (2.10)
Qrhsimopoi¸ntac autì to apotèlesma sthn exÐswsh tou Schrodinger pou antistoiqeÐ sth qamilto-
nian  thc exÐswshc (2.1), eisgontac [36] tic anhgmènec enèrgeiec  = 2BE=~2, ta anhgmèna dunamik
v = 2BV=~2, kai upojètontac [36] ìti ta anhgmèna dunamik qwrÐzontai se ènan ìro exarthmèno apì
th  kai ènan ìro exarthmèno apì th , U(; ) = u() + v(), h exÐswsh tou Schrodinger mporeÐ
na qwristeÐ se dÔo exis¸seic [121].
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Sthn exÐswsh pou perièqei th metablht  , oi paronomastèc 2, se analogÐa me thn Q(5), antika-
jÐstantai apì tic mèsec timèc touc stic kumatosunart seic gia th metablht  , h2i. Lambnontac
upìyh tic aplopoi seic pou eisgontai apì thn apaÐthsh  ' =6, h antÐstoiqh exÐswsh lambnei
th morf  aploÔ monodistatou armonikoÔ talantwt  gia th metablht  . Oi kumatosunart seic
perièqoun polu¸numa tou Hermite [121]. H morf  thc lÔshc gia thn aktinik  exÐswsh exarttai apì
thn epilog  tou dunamikoÔ gia th metablht  , u().
2.3.1 Z(5)
To dunamikì pou qrhsimopoieÐtai sth Z(5) eÐnai ekeÐno tou 5-distatou peirou phgadioÔ, ìpwc kai
sth Q(5). H antapokrinìmenh exÐswsh eÐnai xan tÔpou Bessel txewc,
 =
p
4L(L+ 1)  32 + 9
2
=
p
L(L+ 4) + 3nw(2L  nw) + 9
2
: (2.11)
Oi lÔseic diathroÔn th morf  thc exÐswshc (2.2),me ta (; ) na antikajÐstantai apì (s; ) =
(s; nW ; L), ìpou s h txh twn riz¸n thc sunrthshc Bessel J(ks;). To antapokrinìmeno arkib¸c
epilÔsimo montèlo onomzetai Z(5), kai den anafèretai se kpoia omda summetrÐac.
H olik  enèrgeia èqei th morf 
E(s; nW ; L; n~) = E0 +A(xs;)
2 +Bn~ ; (2.12)
me n~ na eÐnai o kbantikìc arijmìc tou monodistatou armonikoÔ talantwt  gia th metablht   kai
E0, A, B na eÐnai eleÔjerec parmetroi.
O astaj c kbantikìc arijmìc nw taxinomeÐ thn oikogèneia twn zwn¸n me L = nw; nw+2; nw+4; : : :
(me nw > 0) amèswc met th z¸nh thc basik c katstashc (me nw = 0) [122]. H z¸nh thc basik c
katstashc antapokrÐnetai sta s = 1, nw = 0 kai èqei R4=2 = 2:350 . Enallaktik to montèlo Z(5)
ja anafèretai wc ekeÐno tou opoÐou h lÔsh eÐnai h parapnw. Ta fsmata dÐnontai sth [121, 124]. Wc
upoy fioi pur nec gia to Z(5) èqoun protajeÐ oi 192 196Pt gia th peiramatik  èndeixh tou protÔpou
[121, 124].
2.3.2 'Allec lÔseic
Oi lÔseic sth geitoni thc apaÐthshc  = =6 èqoun epÐshc diereunhjeÐ melet¸ntac dunamik thc
morf c u(; ) = u() + u()=2 [125, 126], ta opoÐa epitrèpoun ton akrib  diaqwrismì twn meta-
blht¸n. Ta dunamik tou Coulomb, tou Kratzer, tou armonikoÔ talantwt , tou Davidson kai tou
peirou phgadioÔ èqoun efarmosteÐ gia th morf  tou u() [125, 126], en¸ gia th morf  tou u() èqei
jewrhjeÐ metatopismènoc armonikìc talantwt c. Akìmh gia to u() èqei jewrhjeÐ kai èna periodikì
dunamikì u() = = sin2(3) [127]. Sth [128], èqei analujeÐ mia lÔsh ìmoia me to Z(5), all me to
u() anlogo tou cos2(3).
2.3.3 Z(4)
H eidik  perÐptwsh gia thn opoÐa h  pag¸nei sth tim   = =6, en¸ sth  qrhsimopoieÐtai to
peiro phgdi gia dunamikì, odhgeÐ se akrib¸c diaqwrÐsimo 4-distato montèlo, to opoÐo kaleÐtai
Z(4) [129]. Oi tèssereic metablhtèc tou montèlou eÐnai h  kai oi treic gwnÐec Euler afoÔ se autì
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to prìtupo h  den antimetwpÐzetai wc metablht  all wc parmetroc, se analogÐa me to montèlo
twn Davydov kai Chaban [130].
O akrib c diaqwrismìc twn metablht¸n eÐnai euktaÐoc se aut  th perÐptwsh. H exÐswsh gia tic
gwnÐec Euler èqei lujeÐ apì touc Meyer-ter-Vehn [122], me tic idiosunart seic na eÐnai katllhloi
sunduasmoÐ twn sunart sewn Wigner. Sthn exÐswsh gia th metablht   qrhsimopoieÐtai peiro
tetragwnikì phgdi dunamikoÔ kai h morf  thc eÐnai ekeÐnh tou Bessel.
Oi aktinikèc lÔseic èqoun thn Ðdia morf  ìpwc kai sth Z(5), all eÐnai txewc,
 =
r
L(L+ 1)  3
4
2 + 1 =
p
L(L+ 4) + 3nw(2L  nw) + 4
2
; (2.13)
h opoÐa ja prèpei na sugkrijeÐ me thn exÐswsh (2.11), ìpou ta difora sÔmbola èqoun to Ðdio nìhma
ìpwc kai sth Z(5). O lìgoc energei¸n R4=2 eÐnai 2.226 . Ta fsmata dÐnontai sth [129, 124]. Oi
pur nec 128 132Xe èqoun protajeÐ wc pijanoÐ upoy fioi gia to prìtupo Z(4)[129, 124].
2.3.4 Gia th metbash apì thn axonik  sth triaxonik  perÐptwsh
Mia eidik  lÔsh thc qamiltonian c ttou Bohr antapokrÐnetai sth metbash apì axonik paramor-
fwmènec se triaxonik paramorfwmènec morfèc, èqei dojeÐ sth [131], h opoÐa kaleÐtai U(5). H
triaxonikìthta prwtonÐou-netronÐou, anaduìmenh sto ìrio SU(3) [132] tou IBM-2 [14], èqei kinh-
topoi sei th leptomer  melèth twn twn metabol¸n fshc gia to IBM-2 [133, 134, 135]. Ta kÔria
qarakthristik thc triaxonikìthtac prwtonÐou-netronÐou eÐnai mia z¸nh qamhl c enèrgeiac K = 2
kai oi rujmoÐ metbashc B(E2) paramènoun kont se ekeÐnouc tou protÔpou tou Davydov [136].
2.4 Oi katastseic 0+ sth qamiltonian  tou Bohr
PÐnakac 2.1: Katastseic taxewc  gia kje J , kai gia thn eidik  perÐptwsh twn katastsewn
J = 0+, sta gewmetrik montèla E(5), Q(5), Z(5), Z(4), kai Q(3). J eÐnai to spin tou epipèdou,
 = J=2, kai nw eÐnai o kbantikìc arijmìc thc astjeiac [123] pou eÐnai mhdèn gia tic katastseic
0+.
Montèlo  J=0+ Montèlo  J=0+
E(5)  + 32
3
2
Q(5)
q
J(J+1)
3 +
9
4
3
2 Z(5)
p
J(J+4)+3nw(2J nw)+9
2
3
2
Q(3)
q
J(J+1)
3 +
1
4
1
2 Z(4)
p
J(J+4)+3nw(2J nw)+4
2 1
Oi katastseic 0+ eÐnai axioshmeÐwta katllhlec gia thn ekd lwsh summetri¸n kurÐwc exaitÐac
thc apousÐac fugìkentrwn tsewn.
'Opwc faÐnetai kai sto pÐnaka 2.1, oi proanaferjeÐsec summetrÐec krÐsimou shmeÐou E(5) kai Q(5),
kaj¸c kai to prìtupo Z(5) [121], ekfrzontai mèsa apì idiosunart seic tÔpou Bessel, J . An kai
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PÐnakac 2.2: (Arister) Oi enèrgeiec twn katastsewn 0+ sta prìtupa E(5), Z(5), kai Q(5). Oi
enèrgeiec sta arister eÐnai se mondec E(2+1 ) = 1.0, en¸ sth st lh Norm, se mondec E(0
+
2 ) =
1.0. Gia ola ta montèla, ta kanonikopoihmèna apotelèsmata sumpÐptoun. H st lh IBA-Norm tic
kanonikopoihmènec enèrgeiec gia tic 0+ kont sto krÐsimo shmeÐo, bsei upologismwn gia meglo NB
sto IBA kai suzhteÐtai sto tèloc. (Kèntro) To autì gia to prìtupo Z(4). (Dexi) To autì gia to
prìtupo Q(3).
0+i E(5) Z(5) Z(5) Norm IBA-Norm Z(4) Norm Q(3) Norm
0+1 0 0 0 0 0 0 0 0 0
0+2 3.03 3.91 5.65 1.0 1.0 2.95 1.0 2.87 1.0
0+3 7.58 9.78 14.12 2.50 2.48 7.60 2.57 7.65 2.67
0+4 13.64 17.61 25.41 4.50 4.62 13.93 4.71 14.34 5.00
0+5 21.22 27.39 39.53 7.00 7.13 21.95 7.43 22.95 8.00
0+6 30.31 39.12 56.47 10.00 9.85 31.65 10.72 33.47 11.67
gia J 6= 0 h txh  twn sunart sewn Bessel eÐnai diaforetik  gia kje lÔsh, gia J = 0 h Ðdia
txh apokomÐzetai kai stic treic peript¸seic. Wc apotèlesma, oi katastseic 0+ se aut ta montèla
moizoun diaforetikèc an kanonikopoihjoÔn sthn enèrgeia thc katstashc 2+1 , all tautÐzontai an
kanonikopoihjoÔn sth katstash 0+2 , ìpwc faÐnetai sto pÐnaka 2.2 kai thn eikìna 2.2.
Proqwr¸ntac perissìtero gÐnetai antilhptì ìti sth teleutaÐa kanonikopoÐhsh, oi enèrgeiec twn
katastsewn 0+n , me n to deÐkth ditax c touc wc proc thn enèrgeia, akoloujoÔn ton aplì kanìna
n(n+3). Autì ofeÐletai sto gegonìc ìti to fsma twn riz¸n twn sunart sewn Bessel J akoloujeÐ
se polÔ kal  prosèggish to kanìna n(n+  + 3=2), gia qamhl , kai gÐnetai akrib c gia  = 1=2
[144]. 'Ara oi katastseic 0+n sto prìtupo Z(4) [129] [ìmoiec me ekeÐnec tou Z(5), all me to  na
periorÐzetai sto =6] akoloujoÔn to kanìna n(n + 2:5). EpÐshc, oi katastseic 0+n sto prìtupo
Q(3) [96] [ìpou  = 0] akoloujoÔn to kanìna n(n+ 2), ìpwc faÐnetai apì touc pÐnakec 2.1 kai 2.2.
Lambnontac upìyin to telest  Casimir deÔterhc txhc thc eukleÐdiac lgebrac se 5 bajmoÔc
eleujerÐac E(5) [129, 97], faÐnetai ìti oi katastseic 0+n sth Q(5) kai th Z(5) anaparistoÔn th
perÐptwsh miac merik c dunamik c summetrÐac (partial dynamical symmetry) [146] tÔpou I [147],
sthn opoÐa mèroc twn katastsewn (ed¸ gia tic katastseic 0+) diathroÔn olìklhrh th summetrÐa.
2.5 Sumpersmata
Sth teleutaÐa dekaetÐa anaptÔqjhke kai exakoloujeÐ na anaptÔssetai meglo endiafèron gia tic
eidikèc lÔseic thc qamiltonian c tou Bohr, se sqèsh me tic metabolèc sq matoc -fshc kai tic
summetrÐec krÐsimou shmeÐou stouc pur nec. H epèktash aut¸n twn ide¸n apoteleÐ kommti thc
trèqousac ereunac sumperilambanomènwn kai twn prospajei¸n gia thn egkìlpwsh twn dipolik¸n
[74] kai oktapolik¸n [137, 138, 139, 140] bajm¸n eleujerÐac. Epiprìsjetec analÔseic kai epektseic
sqetikèc me tic metabolèc sq matoc -fshc kai summetrÐec krÐsimou shmeÐou mporoÔn na brejoÔn stic
anaforèc [141, 142, 143].
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Sq ma 2.2: (Arister) Oi enèrgeiec twn diegermènwn 0+ sta prìtupa E(5), Z(5), kai Q(5) kai ènac
upologismìc tou IBM kont sto krÐsimo shmeÐo (dec keÐmeno). (Dexi) To Ðdio me arister me tic
enèrgeiec na kanonikopoioÔntai sthn enèrgeia thc pr¸thc diegermènhc 0+. Apì thn anafor [144].
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Keflaio 3
Metabolèc sq matoc -fshc sto
IBM
3.1 Eisagwg 
Sto plaÐsio tou IBM, pou perigrfei ta ìria twn dunamik¸n summetri¸n U(5),SU(3),O(6) oi opoÐec
antistoiqoÔn se donhtikoÔc, axonik paramorfwmènouc kai astajeÐc kat  pur nec, oi metabolèc
sq matoc -fshc èqoun melethjeÐ ed¸ kai 25 qrìnia [32], mèsw tou klassikoÔ orÐou tou IBM
[33, 26, 27], deÐqnontac ìti to prìtupo ekdhl¸nei (sÔmfwna me th sun jh taxinìmhsh kat Ehrenfest)
metabol  fshc deÔterhc txhc metaxÔ twn U(5) kaiO(6), metabol  fshc pr¸thc txhc metaxÔ U(5)
kai SU(3) kai kamÐa metabol  fshc metaxÔO(6) kai SU(3). Ta trÐa ìria tou IBM topojetoÔntai stic
korufèc tou trig¸nou [34] twn summetri¸n tou IBM to opoÐo eÐnai kai prìsforo gia th topojèthsh
kai twn metabol¸n fshc -sq matoc [31].
Oi metabolèc sq matoc/fshc apì to èna purhnikì sq ma sto llo suzht jhkan gia pr¸th for
sto plaÐsio tou IBM sth [32], efarmìzontac jewrÐa katastrof¸n sto sunarthsioeidèc thc enèrgeiac
[148] pou apokomÐzetai mèsw thc qr shc tou formalismoÔ twn sumf¸nwn katastsewn sto klassikì
ìrio tou IBM [33, 26]. MetaxÔ twn dunamik¸n summetri¸n U(5) kai SU(3) h metabol  fshc brèjhke
na eÐnai 1hc txhc (sÔmfwna me th taxinìmhsh kat Ehrenfest), en¸ metaxÔ twn dunamik¸n summetri¸n
U(5) kai O(6) h metabol  fshc anafèretai wc pr¸thc txewc. En gènei oi fseic tou pur na
mporoÔn na jewrhjoÔn wc peript¸seic sfairik c kai paramorfwmènhc sumperiforc, oi opoÐec kat
th parapnw anlush diaqwrÐzontai apì mia sten  perioq  sunÔparxhc [148] (ìpwc faÐnetai sthn
eikìna 1), pou sugklÐnei sto shmeÐo thc allag  fshc 2hc txhc kaj¸c proseggÐzetai h pleur tou
trig¸nou gia th U(5)-O(6).
3.2 H qamiltonian  tou IBM kai to trÐgwno summetrÐac
Sto plaÐsio tou IBM, h purhnik  dom  twn rtiwn-rtiwn pur nwn perigrfetai mèsa sth summetrÐa
U(6), pou emperièqei ta ìria twn dunamik¸n sumetri¸n U(5),SU(3) kai O(6) kai antapokrÐnontai stic
peript¸seic twn donhtik¸n, axonik paramorfwmènwn kai astaj¸n kat  pur nwn antÐstoiqa.
Gia th melèth twn metabol¸n sq matoc/fshc h qamiltonian  pou qrhsimopoieÐtai eÐnai h [149,
57
150]
H(; ) = c

(1  )n^d   
4NB
Q^  Q^

; (3.1)
ìpou n^d = dy  ~d eÐnai o telest c plhjusmoÔ twn mpozonÐwn d, Q^ = (sy ~d + dys) + (dy ~d)(2) eÐnai
o tetrapolikìc telest c, NB eÐnai to pl joc twn mpozonÐwn sjènouc kai c eÐnai ènac pargontac
klÐmakac. H anwtèrw qamiltonian  perièqei tic dÔo paramètrouc  kai , me th  2 [0; 1] kai th
 2 [0; p7=2 =  1:32]. Se aut  th parametropoÐhsh to ìrio thc U(5) antapokrÐnetai sth  = 0,
to ìrio thc O(6) sth  = 1,  = 0 kai to ìrio thc SU(3) sth  = 1,  =  p7=2.
E(5)
X(5)U(5) SU(3)
O(6)
Spherical
Deformed
Sq ma 3.1: To trÐgwno summetri¸n tou IBM me tic treic dunamikèc summetrÐec. Oi summetrÐec krÐsi-
mou shmeÐou E(5) kai Q(5) èqoun tpopojethjeÐ kont sthn perioq  thc allag c fshc /sq matoc,
h opoÐa apeikonÐzetai me epiklineÐc grammèc. H suneq c kampÔlh perigrfei to tìxo kanonikìthtac
twn Alhassid kai Whelan [186].
Ta parapnw mporoÔn na parousiastoÔn parastatik me th topojèthsh twn tri¸n orÐwn (treic
dunamikèc summetrÐec) tou IBM stic korufèc enìc trig¸nou [34] pou kaleÐtai to trÐgwno twn sum-
metri¸n tou protÔpou IBM. Me thn anwtèrw parametropoÐhsh gÐnetai efikt  kai h melèth perioq¸n
thc purhnik c dom c (dhl melèth twn antÐstoiqwn pur nwn) pou den antapokrÐnontai se kpoio apì
ta trÐa ìria tou IBM, ìpwc oi perioqèc autèc anaparÐstantai sthn eswterik  perioq  tou trig¸-
nou summetri¸n stou IBM sthn eikìna 3.1. Oi parmetroi (; ) probllontai sto trÐgwno twn
summetri¸n apì th metatrop  touc stic polikèc suntetagmènec [151]
 =
p
3p
3 cos    sin 
;  =

3
+ ; (3.2)
ìpou  = (2=
p
7)(=3).
Oi metatropèc sq matoc/fshc sto IBM mporoÔn na melethjoÔn apì to klassikì ìrio tou
protÔpou, to opoÐo eurÐsketai me diafìrouc trìpouc:
a) Tic sÔmfwnec katastseic [152, 33, 153, 26, 27].
b) Th mèjodo twn exis¸sewn kÐnhshc [154].
g) Th mèjodo pou perilambnei èna metasqhmatismì Holstein-Primako [155, 156].
Qrhsimopoi¸ntac th pr¸th mèjodo [26], apokomÐzontai trÐa sunarthsioeid  thc enèrgeiac E(; )
(se ìrouc twn metablht¸n tou Bohr  kai ), antapokrinìmena sto kje ìrio tou protÔpou , ta
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opoÐa elaqistopoioÔntai wc proc tic  kai  prokeimènou na antanakloÔn to klassikì anlogo.
H elaqistopoÐhsh aut  proèrqetai apì thn arq  thc elqisthc drshc gia thn ekstote sÔmfwnh
katstash, h opoÐa antanakl to klassikì ìrio sÔmfwna me th jewrÐa twn oloklhrwmtwn troqic.
Ta sunarthsioeid  thc enèrgeiac gia ta ìria U(5) kai O(6) eÐnai anexrthta thc metablht c 
kai parousizoun apìtomo elqisto sta shmeÐa  = 0 kai  = 1 antÐstoiqa. Apì thn llh to
sunarthsioeidèc thc enèrgeiac gia to ìrio thc SU(3) exarttai apì th metablht  , me èna apìtomo
elqisto sto shmeÐo  = 0 (antapokrinìmeno sthn epim kh prolate axonik  summetrÐa) kai  =
p
2.
Ta elqista eÐnai se sumfwnÐa me thn ermhneÐa twn orÐwn U(5),O(6) kai SU(3) wc anapara-
stseic donhtik¸n (sfairik¸n), astaj¸n kat  kai paramorfwmènwn prolate pur nwn antÐstoiqa.
Antistrèfontac to prìshmo thc paramètrou  sto tetrapolikì telest  to elqisto metatopÐzetai
sto shmeÐo  = 60o, antapokrinìmeno sthn peplatusmènh oblate axonik  summetrÐa kai sumbolÐzetai
me SU(3)],  =
p
2.
Prin apì 30 qrìnia perÐpou [32] efarmìsthke sto klassikì ìrio tou IBM h taxinìmhsh kat
Ehrenfest, sÔmfwna me thn opoÐa h txh miac metatrop c fshc orÐzetai apì th txh n thc parag¸gou
thc enèrgeiac @nE=@n sthn opoÐa emfanÐzetai asunèqeia.
Qrhsimopoi¸ntac to formalismì twn sumf¸nwn katastsewn tou IBM [33, 153, 26] apokomÐzetai
h olik  enèrgeia an mpozìnio, E(; )=(cNB), antapokrinìmenh sth qamiltonian  thc exÐswshc (3.1),
sth morf  [157]
E(; ) = 
2
1 + 2

(1  )  (2 + 1) 
4NB

  5
4NB(1 + 2)
  (NB   1)
4NB(1 + 2)2
"
42   4
r
2
7
3 cos 3 +
2
7
24
#
; (3.3)
ìpou  kai  oi dÔo klassikèc suntetagmènec pou sqetÐzontai [14] me tic gewmetrikèc metablhtèc
tou [37].
SÔmfwna me ta apotelèsmata pou anafèrjhkan sthn eisagwg  kai uprqoun sth [32], anamènetai
metabol  fshc 1hc txhc metaxÔ twn orÐwn U(5) kai SU(3), dhlad  sth pleur tou trig¸nou
summetri¸n tou IBM pou qarakthrÐzetai apì tic suntetagmènec  =  p7=2 =  1:32, metabol 
2hc txhc metaxÔ twn orÐwn U(5) kai O(6), dhlad  sth pleur tou trig¸nou me suntetagmènec
 = 0 kai kamÐa metabol  fshc metaxÔ twn orÐwn SU(3) kai O(6). Sunart sei tou , mia perioq 
sunÔparxhc sq matoc -fshc [148] xekin ìtan epiprosjètwc tou sfairikoÔ elqistou ( = 0)
emfanisteÐ èna epiplèon paramorfwmèno elqisto ( 6= 0) kai telei¸nei me thn epibÐwsh monqa
tou paramorfwmènou. Epomènwc to kleÐsimo thc perioq c sunÔparxhc epitugqnetai ìtan h E(; )
gÐnetai epÐpedo sto  = 0, ikanopoi¸ntac th sunj kh [150] @
2E
@2 j=0 = 0, pou pragmatopoieÐtai gia
 =
4NB
8NB + 2   8 : (3.4)
Apì thn llh to noigma thc perioq c sunÔparxhc, , apokomÐzetai apì ta apotelèsmata thc
[158]. Gia  =  p7=2 to shmeÐo autì dÐnetai apì
 =
(896
p
2 + 656R)NB
 1144p2 + 123R+ (1536p2 + 164R)NB
(3.5)
ìpou
R =
r
35456
15129
+
32 62=3
41
 
s
70912
15129
  32 6
2=3
41
+
3602816
15129
p
1108 + 369 62=3
(3.6)
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Anmesa uprqei èna shmeÐo, to crit, ìpou ta dÔo elqista eÐnai Ðsa kai h pr¸th pargwgoc thc
Emin, @Emin=@, eÐnai asuneq c, shmatodot¸ntac metabol  fshc pr¸thc txewc. Gia  =  1:32,
sth pleur tou trig¸nou U(5)-SU(3), to shmeÐo autì eÐnai [159]
crit =
16NB
34NB   27 : (3.7)
Ekfrseic gia to shmeÐo  kai to crit pou na perièqoun th parmetro  mporoÔn epÐshc na apoko-
mistoÔn qrhsimopoi¸ntac ta apotelèsmata thc [158].
To sÔnolo tim¸n thc  pou antapokrÐnetai sth perioq  thc sunÔparxhc sq matoc -fshc sur-
rikn¸netai me th meÐwsh thc jj kai sugklÐnei se èna monqa shmeÐo gia  = 0 . Autì eÐnai to
shmeÐo thc metabol c fshc 2hc txhc metaxÔ twn U(5) kai O(6), me suntetagmènec sth pleur tou
trig¸nou U(5) O(6)  = 0. 'Opwc finetai apì thn exÐswsh (3.4) h apaÐthsh  = 0 dÐnei th tim  sto
 = NB=(2NB   2). Sthn eikìna 3.1 perilambnetai h metabatik  perioq  gia th metabol  fshc.
Gia NB = 10, pou eÐnai mia tupik  tim  gia polloÔc pur nec, eÐnai emfanèc ìti ta ìria pou
orÐzontai apì to aristerì sÔnoro  kai th gramm  crit, perÐpou tautÐzontai. Gia pardeigma, an
 =  1:32, tìte  = 0:507 kai crit = 0:511. 'Ara sungetai ìti h gramm  crit mporeÐ na jewrhjeÐ
wc to aristerì ìrio thc perioq c metabol c fshc.
 
β 
E(β) 
ζ = 0 ζ = 0.507 ζ = 0.512 ζ = 0.542 ζ = 1.0 
Sq ma 3.2: H exèlixh wc proc  twn sunarthsioeid¸n enèrgeiac tou IBM giaNB = 10 kai  =  1:32.
Apì th [187].
EÐnai qr simo na exetasteÐ h exèlixh tou sunarthsioeidoÔc thc enèrgeiac tou IBM wc proc
th , gia  =  1:32 dhl sth pleur U(5)-SU(3) tou trig¸nou gia mia tupik  tim  tou NB (p.q
NB = 10). H exèlixh aut  faÐnetai sthn eikìna 3.2 . Sto  = 0 sumbaÐnei elqisto gia  = 0. Sto
 = 0:507, epiprosjètwc tou sfairikoÔ elqistou ( = 0,  = 0) sumbaÐnei kai deÔtero, to opoÐo
eÐnai paramorfwmèno. Sto crit = 0:512 ta dÔo elqista tautÐzontai, dhlad  gia mÐa tim  tou  kai
oi dÔo timèc tou  elaqistopoioÔn thn enèrgeia. Sth perÐptwsh aut , h olik  enèrgeia parousizei
èna topikì mègisto anmesa sta dÔo elqista, pou shmaÐnei allag  fshc pr¸thc txewc. Sto
 = 0:542 to sfairikì elqisto exafanÐzetai, ra gia  > 0:542 epib¸nei mìno èna paramorfwmèno
elqisto.
EÐnai epÐshc qr simo na exetasteÐ h exèlixh tou sunarthsioeidoÔc thc enèrgeiac tou IBM wc proc
th  gia  = 0, dhlad  sthn pleur U(5)-O(6) tou trig¸nou xan gia th tupik  tim  tou NB = 10.
Sto  = 0 monqa to sfairikì elqisto sto  = 0 uprqei. Sto crit = 0:556 h elqisth enèrgeia
metatopÐzetai se mh mhdenikèc timèc tou , me to endimeso na èqei morf  perÐpou epÐpedh, shmatwrìc
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miac allag c fshc deutèrac txewc.
3.3 To ìrio tou meglou mpozonikoÔ plhjusmoÔ gia to
IBM
Sth dirkeia twn dÔo pr¸twn dekaeti¸n thc anptuxhc tou IBM, oi melètec twn sullogik¸n idiot -
twn mesaÐwn kai barèwn pur nwn sthrÐzontan se peperasmèno kai mikrì arijmì mpozonÐwn, me thn
ermhneÐa tou wc to pl joc twn noukleonik¸n zeug¸n sjènouc gia ton ekstote pur na. H melèth
twn metatrop¸n sq matoc /fshc apì to èna ìrio tou IBM sto llo, èstreye th prosoq  se u-
pologismoÔc gia meglo pl joc mpozonÐwn. Oi upologismoÐ autoÐ apokluyan nèec kanonikìthtec
se purhnik fsmata pou epibi¸noun kai gia peperasmèno arijmì, oi opoÐec palaiìtera den eÐqan
parathrhjeÐ.
Ed¸ ja analujoÔn merikèc apì tic en lìgw kanonikìthtec. Ja deiqjeÐ pwc kai gia ta trÐa ìria
tou IBM (U(5),O(6),SU(3)), oi enèrgeiec twn katastsewn 0+, auxnontai grammik wc proc ton
energeiakì touc deÐkth. Epiprosjètwc ja deiqjeÐ ìti h sten  perioq  metbashc pou qwrÐzei to
trÐgwno twn summetri¸n tou IBM se mia sfairik  kai mia paramorfwmènh perioq , perigrfetai
ikanopoihtik apì touc ekfulismoÔc E(0+2 ) = E(6
+
1 ), E(0
+
3 ) = E(10
+
1 ), E(0
+
4 ) = E(14
+
1 ), ton
energeiakì lìgo E(6+1 )=E(0
+
2 ) pou apokalÔptetai wc mian apl , empeirik  kai eÔkola metr simh
energ  parmetroc txhc, gia to diaqwrismì metaxÔ 1hc kai 2hc txhc. Oi enèrgeiec twn 0+ kont
sto shmeÐo thc metabol c sq matoc /fshc 1hc txhc metaxÔ twn U(5), SU(3) ja deiqjeÐ ìti dè-
qontai aÔxhsh thc morf c n(n+ 3), ìpou n o energeiakìc touc deÐkthc, se sumfwnÐa me to kanìna
pou shmatodìthse h melèth twn summetri¸n tou krÐsimou shmeÐou sth qamiltonian  tou Bohr. Oi
upobìskousec dunamikèc kai hmÐ-dunamikèc summetrÐec ja suzhthjoÔn epÐshc.
PÐnakac 3.1: Katastseic 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n (bandheads) se merikèc anapara-
stseic (; ) tou orÐou SU(3) tou IBM. To N dhl¸nei to mpozonikì pl joc, NB .
irrep 0+ irrep 0+
(2N,0) 0
(2N-4,2) 1
(2N-8,4) (4N-6)/(2N-1) (2N-6,0) (4N-3)/(2N-1)
(2N-12,6) (6N-15)/(2N-1) (2N-10,2) (6N-10)/(2N-1)
(2N-16,8) (8N-28)/(2N-1) (2N-14,4) (8N-21)/(2N-1)
PÐnakac 3.2: Katastseic 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n (bandheads) se merikèc anapara-
stseic () tou orÐou O(6) tou IBM. To N dhl¸nei to mpozonikì pl joc, NB .
irrep 0+ irrep 0+ irrep 0+ irrep 0+ irrep 0+
(N) 0 (N-2) 1 (N-4) 2 (N-6) 3-3/N (N-8) 4-8/N
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3.4 Oi katastseic 0+ sto IBM
Ed¸ ja exetasteÐ h sumperifor twn 0+ sto ìrio tou meglou mpozonikoÔ plhjusmoÔ NB tou IBM.
Sto ìrio tou U(5) oi enèrgeiec twn 0+ auxnoun grammik me to pl joc twn mpozonÐwn d, dhlad  wc
proc to pl joc twn tetrapolik¸n fwnonÐwn. Stouc pÐnakec 3.1 kai 3.2 parousizontai analutik
apotelèsmata gia tic katastseic 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n (bandheads) sta ìria SU(3)
kai O(6) tou IBM. Kai stic dÔo peript¸seic, sto ìrio tou meglou NB h aÔxhsh èqei grammik 
sumperifor. 'Ara kai stic treic dunamikèc summetrÐec tou IBM oi katastseic 0+ oi opoÐec eÐnai
epikefaleÐc zwn¸n (bandheads) auxnontai grammik, epomènwc upojètoume th sqèsh E = An.
AxÐzei na shmeiwjeÐ ìti kont sto shmeÐo thc metabol c pr¸thc txhc, upologismìc basizìmenoc
sto IBM [144, 145], genn fsma twn katastsewn 0+n to opoÐo den akoloujeÐ ton proanaferjènta
kanìna, all ekeÐno thc aÔxhshc tÔpou n(n+3), pou aporrèei apì to peiro phgdi sth qamiltonian 
tou Bohr gia touc 5 bajmoÔc eleujerÐac ( , , treic gwnÐec Euler), ìpwc faÐnetai sto pÐnaka 2.2
sto edfio 2.4 . Oi upologismoÐ tou IBM ekteloÔntai bsei thc sun jhc qamiltonian c tou IBM
[150], me tic dÔo paramètrouc (, ). UpologismoÐ gia meglo mpozonikì plhjusmì ekteloÔntai
bsei tou k¸dika IBAR [160, 161].
Sugkentrwtik, h sumperifor n(n+3) twn katastsewn 0+n tou IBM kont sto krÐsimo shmeÐo
thc pr¸thc txewc metabol c fshc, eÐnai polÔ diaforetik  apì ekeÐnh pou apokomÐzetai gia th
sumperifor twn katastsewn 0+n pnw se kpoio apì ta ìria dunamik c summetrÐac tou IBM.
3.5 EkfulismoÐ sthn perioq  sunÔparxhc sqhmtwn tou
IBM
H kanonikìthta sth sumperifor twn 0+ kont sto shmeÐo thc metabol c fshc pr¸thc txhc, eÐnai
prìklhsh gia th melèth pijan¸n kanonikot twn kai twn katastsewn me mh mhdenik  stroform .
Prìsfata parathr jhke pwc h gramm  pou perigrfei ton ekfulismì 6+1 = 0
+
2 sto trÐgwno
summetri¸n tou IBM gia meglo N (N = 250) brÐsketai mèsa sth perioq  sunÔparxhc sqhmtwn,
lÐgo dexi apì th krÐsimh gramm  [144]. Parìmoiec eikìnec lambnontai kai gia touc ekfulismoÔc
10+1 = 0
+
3 , 14
+
1 = 0
+
4 [144].
3.5.1 ShmeÐo 6+1 = 0
+
2 sthn pleur U(5)-SU(3) tou trig¸nou summe-
tri¸n tou IBM
Ston pÐnaka 3.3 parousizontai apotelèsmata gia th pleur tou trig¸nou U(5)- SU(3), ( = 0:473,
 =  p7=2), ta opoÐa epiplèon ikanopoioÔn kai th sunj kh 6+1 = 0+2 . Oi prokÔptousec enèrgeiec
twn katastsewn 0+ kanonikopoioÔntai sthn enèrgeia thc katstashc 0+2 , kai sugkrÐnontai me tic
ektim seic tou kanìna n(n + 3). 'Ewc kai thn n = 5 uprqei kal  sumfwnÐa. To apotèlesma autì
eÐnai endeiktikì mh anamenìmenhc kanonikìthtac apì arijmhtik  mèjodo, kaj¸c upologismoÐ tou IBM
odhgoÔn se enèrgeiec twn 0+ oi opoÐec akoloujoÔn to kanìna pou aporrèei apì to peiro phgdi
se pènte bajmoÔc eleujerÐac gia th qamiltonian  tou Bohr. Wstìso upenjumÐzetai ìti epÐpedec
isodunamikèc epifneiec èqoun epÐshc apokomisteÐ [162, 163, 164] se upologismoÔc sqetikistik c
jewrÐac mèsou pedÐou gia pur nec pou brÐkontai polÔ kont sth krÐsimh perioq , endunam¸nontac
thn upìjesh gia peiro phgdi dunamikoÔ sth .
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PÐnakac 3.3: Ektim seic tou IBM (me NB = 250,  =  
p
7=2,  = 0:473) se sqèsh me analutikèc
ekfrseic (keÐmeno). Ta apotelèsmata kanonikopoioÔntai sthn E(2+1 ) = 1:0.
Analutikìc IBA Analutikìc IBA
n 3n(n+3)2 E(0
+
n ) J
J(J+2)
8 E(J)
2 1.00 1.00
4 3.00 3.05
1 6.00 6.08 6 6.00 6.08
8 10.00 10.00
2 15.00 14.85 10 15.00 14.73
12 21.00 20.23
3 27.00 27.57 14 28.00 26.43
16 36.00 33.30
4 42.00 42.55 18 45.00 40.81
Prospaj¸ntac na ikanopoihjoÔn tautìqrona ta eur mata gia touc ekfulismoÔc 6+1 = 0
+
2 kai
10+1 = 0
+
3 me tic 0
+ pou akoloujoÔn to kanìna n(n+ 3), kai me tic stjmec thc z¸nhc thc basik c
katstashc pou ikanopoioÔn th sqèsh
E(L) = aL+ bL2; (3.8)
brÐsketai ìti a=b = 2, dhlad  ta epÐpeda thc z¸nhc thc basik c katstashc prèpei na auxnontai
wc L(L + 2), me th sqetik  sÔndesh na dÐnetai apì th sqèsh L(L + 2) = 12n(n + 3). Ston
pÐnaka 3.3 sugkrÐnontai oi upologismoÐ tou IBM me tic problèyeic gia to kanìna L(L+2), oi opoÐec
kanonikopoioÔntai sthn enèrgeia thc katstashc L = 2. Sta qamhl epÐpeda uprqei kal  sumfwnÐa,
me thn apìklish na ftnei to 10% gia L = 18.
Akìmh ston Ðdio pÐnaka parousizontai oi upologismoÐ tou IBM gia tic 0+, oi opoÐec kanoniko-
poioÔntai katllhla sthn enèrgeia thc 2+1 gia na sugkrijoÔn me ekeÐnec twn ekfulism¸n 6
+
1 = 0
+
2 ,
10+1 = 0
+
3 , 14
+
1 = 0
+
4 , 18
+
1 = 0
+
5 . Me autì to trìpo ikanopoioÔntai oi ekfulismoÐ sto IBM.
Prgmati ìpwc faÐnetai kai sthn eikìna 3.3, gia upologismì tou IBM kont sto krÐsimo shmeÐo,
oi katastseic 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n (bandheads) eÐnai kat prosèggish ekfulismènec
me diadoqikèc katastseic thc z¸nhc thc basik c katstashc gia perittì J=2.
Parastatik mporeÐ na eipwjeÐ ìti o kanìnac L(L + 2) eÐnai mia "mèsh katstash" metaxÔ tou
kanìna L, pou dÐnei ta epÐpeda sto ìrio U(5), kai tou kanìna L(L+1), pou dÐnei ta epÐpeda sto ìrio
thc SU(3). H "mèsh katstash" tou kanìna L(L+ 2) odhgeÐ ston energeiakì lìgo R4=2 = 3, pou
eÐnai kont sth tim  gia thn Q(5), R4=2 = 2:904.
3.5.2 H gramm  6+1 = 0
+
2 mèsa sto trÐgwno
Prokeimènou na exetasteÐ to eÔroc thc epibÐwshc twn anwtèrw ekfulism¸n makri apì th gramm 
U(5)-SU(3) ekteloÔntai upologismoÐ apait¸ntac ton ekfulismì 6+1 = 0
+
2 . Sto pÐnaka 3.4, parou-
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Sq ma 3.3: Enèrgeiec twn qamhl¸n energeiak¸n katastsewn (kanonikopoihmènec sth E(2+1 )=1)
thc qamiltonian c tou IBM [150] me = p7=2, =0.4729, kai NB=250. To  epilèqjhke ¸ste na
anapargei to proseggistikì ekfulismì thc E(0+2 ) kai E(6
+
1 ).
sizontai apotelèsmata apì 8 diaforetik shmeÐa xekin¸ntac apì to ìrio thc gramm c U(5)-SU(3)
(me  =  1:32), èwc th gramm  U(5)-O(6) (me  = 0:0).
Se kje st lh parousizontai diadoqikèc 0+ pou eÐnai proseggistik ekfulismènec me thn an-
tÐstoiqh katstash thc z¸nhc thc basik c katstashc. O ekfulismìc 6+1 = 0
+
2 sunthreÐtai ek
kataskeu c kai dièpei ìla ta apotelèsmata tou pÐnaka . Ektìc tou ek kataskeu c 6+1 = 0
+
2 , apì
touc upìloipouc proaneferjèntec ekfulismoÔc epibi¸noun kai oi:
1) O 10+1 = 0
+
3 èwc th tim   =  0:4, o opoÐoc sth sunèqeia metamorf¸netai ston 10+1 = 0+4 .
H aitÐa eÐnai pwc se ìlh th pleur U(5)-O(6) epibi¸nei h upolgebra O(5) [166]. 'Ara sto  = 0:0
ja prèpei na uprqoun dÔo ekfulismènec 0+ katastseic me th katstash 6+1 . H mÐa proèrqetai
apì touc ekfulismoÔc thc O(5) (me  = 1,  = 3) kai h llh proèrqetai apì to periorismì tou ek
kataskeu c ekfulismoÔ 6+1 = 0
+
2 (pou antanakltai sthn O(5) apì  = 2,  = 0). Sto parìnta
upologismì me  = 0:0 , oi en lìgw katastseic eÐnai oi 0+2 kai 0
+
3 .
2) O 14+1 = 0
+
4 èwc th  =  0:6, kai tìte bajmiaÐa allzei èwc ìtou gÐnei o 14+1 = 0+7 sto
 = 0:0. Gia aut  th  = 0:0, h 0+5 antistoiqeÐ sth katstash 0
+ me  = 2,  = 3, kai epomènwc
eÐnai ekfulismènh me th katstash 6+, kaj¸c qarakthrÐzetai apì touc autoÔc kbantikoÔc arijmoÔc.
Akìmh se aut  th  = 0:0, h 0+6 antistoiqeÐ sth 0
+ me  = 1,  = 6, h opoÐa omoÐwc eÐnai ekfulismènh
sth 12+1 .
3) O 18+1 = 0
+
5 èwc th  =  1:0, kai tìte stadiak allzei ston 18+1 = 0+10 gia  = 0:0. Se
autì to  = 0:0, h 0+8 eÐnai h 0
+ me  = 3,  = 3, h opoÐa ìpwc kai parapnw eÐnai ekfulismènh sth
6+. Tèloc se autì to  = 0:0, h 0+9 eÐnai h 0
+ me  = 2,  = 6, pou omoÐwc ekfulÐzetai sth 12+.
H epibÐwsh twn ekfulism¸n sto eswterikì tou trig¸nou, pou arqik parathr jhkan monqa sth
pleur U(5)-SU(3), mporeÐ na eidwjeÐ wc to upìloipo twn parathroumènwn hmidunamik¸n summetri¸n
(quasi-dynamical symmetries) gia olìklhrec tic pleurèc U(5)-O(6) kai U(5)-SU(3) [167, 141], ìpwc
epÐshc kai thc metbashc apì donhtik  sumperifor se astaj  kat  peristrofèa sto prìtupo
tou Bohr [168]. Uprqei wstìso h ex c basik  diafor. Oi hmidunamikèc summetrÐec twn [167,
141, 168] emfanÐzontai kat m koc twn pleur¸n tou trig¸nou, kat th metbash apì th gwnÐa
pou filoxeneÐ thn ekstote dunamik  summetrÐa proc to krÐsimo shmeÐo pnw sth pleur, en¸ sth
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PÐnakac 3.4: Problèyeic tou IBM gia th gramm  0+2 = 6
+
1 tou trig¸nou gia N = 250, kanonikopoi-
hmènec sthn enèrgeia thc katstashc 2+1 .
  1:32  1:2  1:0  0:8  0:6  0:4  0:2 0.0
 0.473 0.479 0.488 0.496 0.504 0.512 0.519 0.518
6+1 6.078 5.825 5.540 5.340 5.168 4.940 4.568 3.815
0+2 6.080 5.826 5.540 5.338 5.182 4.939 4.568 3.815
10+1 14.731 13.834 12.803 12.083 11.486 10.754 9.644 7.457
0+3 14.846 13.631 12.609 12.056 11.685 11.195 8.443 3.815
0+4 10.598 8.122
14+1 26.429 24.502 22.277 20.727 19.467 17.991 15.861 11.758
0+4 27.574 25.135 22.651 21.094 19.476 13.966 10.598 8.122
0+5 18.764 14.390 9.033
0+6 17.624 9.533
0+7 13.075
18+1 40.806 37.483 33.644 30.976 28.834 26.404 23.019 16.615
0+5 42.554 38.530 33.932 28.037 21.151 18.764 14.390 9.033
0+6 31.954 27.041 20.899 17.624 9.533
0+7 30.445 26.545 18.346 13.075
0+8 22.210 14.645
0+9 15.748
0+10 16.615
paroÔsa katstash oi enapomeÐnousec summetrÐec emfanÐzontai sth krÐsimh perioq  sto eswterikì
tou trig¸nou kai ìqi pnw se kpoia pleur.
Ston pÐnaka 3.5 parousizetai h exèlixh twn katastsewn 0+ (kanonikopoihmènec sth 0+2 ) kat
m koc thc gramm c 0+2 = 6
+
1 sto eswterikì tou trig¸nou. Sto  =  
p
7=2 h sumperifor eÐnai
parìmoia tou kanìna n(n+ 3), pou antistoiqeÐ se èna peiro phgdi dunamikoÔ gia th gramm  U(5)-
SU(3). Sto  = 0 oi timèc eÐnai polÔ kont sto prìtupo E(5)-4, pou eÐnai gnwstì [52, 53] ìti
anaparist to krÐsimo shmeÐo thc pleurc U(5)-O(6). Akìmh parousizontai oi energeiakoÐ lìgoi
R4=2 kai R0=2, oi opoÐoi ekdhl¸noun mia parìmoia exèlixh apì thn Q(5) stic timèc tou E(5)-4.
Epiplèon melèth twn anaferjèntwn ekfulism¸n [165] deÐqnei ìti o tìpoc twn ekfulism¸nE(0+2 ) =
E(6+1 ) [pou eÐnai o shmatwrìc thc Q(5)] sto trÐgwno, eÐnai mian eujeÐa gramm , h opoÐa proseggÐzei
th perioq  sunÔparxhc sto ìrio tou meglou mpozonikoÔ plhjusmoÔ, ìpwc faÐnetai sthn eikìna 3.4 .
Parìmoia apotelèsmata lambnontai gia touc ekfulismoÔc E(0+3 ) = E(10
+
1 ) kai E(0
+
4 ) = E(14
+
1 ).
To sumpèrasma eÐnai pwc autoÐ oi ekfulismoÐ qarakthrÐzoun th perioq  thc sunÔparxhc, èwc ìtou
emfanisteÐ to sÔnoro thc pleurc U(5)-O(6).
3.5.3 To shmeÐo 6+1 = 0
+
2 kat th metbash U(5)-SU(3) se lla prì-
tupa
Oi parathroÔmenoi ekfulismoÐ tou IBM sto shmeÐo 6+1 = 0
+
2 gia th gramm  U(5)-SU(3) genn to
er¸thma an ìmoioi ekfulismoÐ sumbaÐnoun kai se lla prìtupa, sthn en lìgw perioq . Ston pÐnaka
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PÐnakac 3.5: Ektim seic gia tic katastseic 0+ tou IBM, kanonikopoihmènec sthn enèrgeia thc
katstashc 0+2 , kat m koc thc gramm c 0
+
2 = 6
+
1 tou trig¸nou me N = 250, sugkrinìmenec me tic
ektim seic tou protÔpou E(5)-4 [52, 53, 41] kai thn analutik  èkfrash n(n+ 3). Sto qamhlìtero
mèroc tou pÐnaka, parousizontai oi lìgoi R4=2 kai R0=2 ìpwc ektim¸ntai apì to IBM, mazÐ me tic
ektim seic tou Q(5) [sth st lh n(n+ 3)] kai tou E(5)-4.
n(n+ 3) 4
  1:32  1:2  1:0  0:8  0:6  0:4  0:2 0.0
 0.473 0.479 0.488 0.496 0.504 0.512 0.519 0.518
0+3 2.5 2.442 2.340 2.276 2.259 2.255 2.267 2.320 2.129 2.156
0+4 4.5 4.535 4.314 4.089 3.952 3.758 3.799 3.858 3.428 3.436
0+5 7.0 6.999 6.613 6.125 5.986 5.875 5.375 4.862 4.355
R4=2 2.904 3.051 2.972 2.885 2.824 2.770 2.693 2.560 2.288 2.093
R0=2 5.649 6.080 5.826 5.540 5.338 5.182 4.939 4.568 3.815 2.390
3.6 melet¸ntai difora prìtupa autoÔ tou eÐdouc, to Exactly Separable Davidson (ESD) [184], ta
Q(5)-6 [87], Q(5)-8 [87], kai to Q(5) [36], ìpwc epÐshc kai h arijmhtik  lÔsh tou Caprio [169].
Sto monoparametrikì prìtupo ESD [184], oi ekfulismoÐ anapargontai kal gia to sunduasmì twn
paramètrwn 40+3C = 4, pou lambnetai apì th sunj kh 6
+
1 = 0
+
2 . Sth monoparametrik  arijmhtik 
lÔsh tou Caprio [169], h kalÔterh anaparagwg  twn ekfulism¸n faÐnetai na sumbaÐnei sth geitoni
a = 150-200, h opoÐa eÐnai kai h perioq  twn paramètrwn pou proseggÐzei kalÔtera tic ektim seic
tou Q(5) [169]. Sthn oikogèneia twn parametrik apeleujerwmènwn protÔpwn Q(5)-2m, h kalÔterh
anaparagwg  faÐnetai na sumbaÐnei sto prìtupo Q(5)-6.
3.5.4 To shmeÐo 6+1 = 0
+
2 sthn pleur U(5)-O(6) tou trig¸nou sum-
metri¸n tou IBM
H gramm  tou ekfulismoÔ 6+1 = 0
+
2 sto eswterikì tou trig¸nou sunant thn pleur U(5)-O(6)
sto shmeÐo ìpou oi katastseic 0+ me  = 1,  = 3 kai  = 2,  = 0 gÐnontai ekfulismènec,
efìson h pr¸th eÐnai ekfulismènh me thn 6+1 lìgw thc summetrÐac O(5), en¸ h deÔterh eÐnai ek
kataskeu c ekfulismènh me thn 6+1 . Se autì to shmeÐo o upologismìc bsei IBM dÐnei R4=2 = 2:288
kai R0=2 = E(0
+
2 )=E(2
+
1 ) = 3:815. Sto prìtupo O5-CBS [54] h sunnthsh aut  thc eswterik c
gramm c me th pleur tou trig¸nou faÐnetai sto r = 0:171, pou antistoiqeÐ se R4=2 = 2:279 kai
R0=2 = 3:778. Qrhsimopoi¸ntac to dunamikì tou Davidson sto prìtupo thc E(5) [49], h sunnthsh
sumbaÐnei gia 4 = 10, odhg¸ntac se R4=2 = 2:291 kai R0=2 = 3:766 . Shmei¸netai ìti kai ta trÐa
prìtupa dÐnoun tic Ðdiec problèyeic gia to shmeÐo sunnthshc.
Sto pÐnaka 3.7 parousizontai oi z¸nec thc basik c katstashc mazÐ me tic energeiak qamhlèc
0+ katastseic twn proanaferjèntwn protÔpwn. AxÐzei na shmeiwjeÐ ìti ta epÐpeda thc z¸nhc thc
basik c katstashc stadiak apoklÐnoun gia ta diaforetik prìtupa me thn aÔxhsh thc L, all
oi ekfulismoÐ twn 0+ me ta antÐstoiqa epÐpeda thc z¸nhc thc basik c katstashc diathroÔntai se
ikanopoihtikì bajmì.
Se pl rh analogÐa me thn epiqeirhmatologÐa tou edafÐou 3.5.1, to shmeÐo sunnthshc anamènetai
na perigrafeÐ wc mia "mèsh katstash" metaxÔ tou kanìna L gia th U(5), kai tou kanìna L + L
2
6
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Sq ma 3.4: (Arister) H gramm  tou ekfulismoÔ metaxÔ twn epipèdwn 0+2 kai 6
+
1 gia NB = 10,
40, 100, kai 250 sto trÐgwno tou IBM. (Dexi) H gramm  tou ekfulismoÔ metaxÔ twn epipèdwn 0+3
kai 10+1 gia NB = 250 (pnw) kai metaxÔ twn 0
+
4 ,14
+
1 gia NB = 250 (ktw). Oi diakekommènec
grammèc dhl¸noun th krÐsimh perioq  sto IBM pou apokomÐzetai sto ìrio tou meglou mpozonikoÔ
plhjusmoÔ apì to formalismì twn sumf¸nwn katastsewn.
(dhlad  L(L + 6)) gia thn O(6), pou odhgeÐ sto kanìna gia th "mèsh katstash" L(L + 12).
Ston pÐnaka 3.7 parousizetai epÐshc aut  h sumperifor gia lìgouc sÔgkrishc. 'Opwc faÐnetai,
ta apotelèsmata tou IBM akoloujoÔn ton kanìna se ikanopoihtikì bajmì. O kanìnac L(L + 12)
odhgeÐ sthn tim  R4=2 = 2:286, h opoÐa eÐnai arket kont stic timèc pou pargontai sto shmeÐo
sunnthshc apì ìla ta proanaferjènta prìtupa.
3.5.5 KrÐsimo shmeÐo sthn pleur U(5)-O(6) tou trig¸nou summe-
tri¸n tou IBM
To krÐsimo shmeÐo sthn pleur U(5)-O(6) eÐnai  dh gnwstì ìti antapokrÐnetai sto prìtupo E(5)-4
[52, 53], ìpwc anamènetai apì th jewrÐa metatrop¸n fshc tou Landau [170, 171]. To fsma tou
E(5)-4, pou faÐnetai sto pÐnaka 3.8, anapargetai se polÔ kal  akrÐbeia apì upologismì tou IBM
me N = 250,  = 0:4975, kai  = 0. To krÐsimo shmeÐo, to opoÐo dÐnetai sth gramm   = 0 apì
th sqèsh crit = N=(2N   2) [150], gia N = 250 eÐnai 0.502 . To gegonìc ìti ta apotelèsmata
tou E(5)-4 , antapokrinìmena sto N !1, lambnontai gia tim  tou  elafr¸c mikrìterh apì thn
krÐsimh tim , ofeÐletai sthn peperasmènh tim  tou N pou qrhsimopoieÐtai ed¸. Prgmati, sthn [53],
ìpou èginan upologismoÐ èwc kai N=10,000, faÐnetai ìti (gia meglo N) o R4=2 eÐnai mia elafr¸c
fjÐnousa sunrthsh tou N . 'Ara mia aÔxhsh tou N pnw apì to 250 ja odhgoÔse se mian elafr¸c
mikrìterh tim  gia ton R4=2 gia tim  tou crit plhsièstera sth 0.5 .
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Shmei¸netai ìti sthn [53] to meglo N stouc upologismoÔc tou IBM (mèqri N = 10; 000)
pragmatopoi jhke apì th diagwnopoÐhsh mèsa se upoq¸rouc thc arqaiìthtac (seniority), pou eÐnai
ègkurh kat m koc thc oloklhr¸simhc gramm c U(5){O(6), h opoÐa filoxeneÐ thn O(5) se ìlo to
m koc thc. Ta apotelèsmata tou IBM ed¸ par qjhsan qrhsimopoi¸ntac ton k¸dika IBAR[160],
ftnoun èwc toN = 250, all mporoÔn na kalÔyoun olìklhro to trÐgwno summetri¸n tou IBM. 'Ara
to gegonìc ìti o k¸dikac IBAR anapargei swst thn krÐsimh sumperifor sth pleur U(5){O(6),
sunist ènan epituqhmèno èlegqo gia autìn.
3.6 Mia empeirik  parmetroc txhc
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Sq ma 3.5: O lìgoc E(6+1 )/E(0
+
2 ) wc sunrthsh thc  gia treic timèc tou  gia (a) NB = 15 kai
(b) NB = 100. H tim  gia to (a) deÐqnei thn antÐstoiqh sumperifor gia 02 [157].
O energeiakìc lìgoc E(6+1 )=E(0
+
2 ) [165], pou sqetÐzetai me touc proanaferjèntec ekfulismoÔc,
apodeiknÔetai ìti eÐnai mian apl , empeirik  parmetroc txhc ikan  na diaqwrÐsei thn pr¸th apì
th deÔterh txh miac metabol c fshc. Prgmati, ìpwc faÐnetai sthn eikìna 3.5, o lìgoc autìc
faner¸nei thn Ðdia sumperifor ìpwc h parmetroc txhc 02, h opoÐa qrhsimopoieÐtai sthn [157].
Gia  =  p7=2 faÐnetai ìti sumbaÐnei mia metabol  fshc pr¸thc txhc, en¸ gia  = 0 h en lìgw
metabol  faÐnetai wc deÔterhc txhc. O lìgoc ekdhl¸nei epÐshc èna apìtomo elqisto mìlic prin
apì to krÐsimo shmeÐo sth pr¸th perÐptwsh (me to fainìmeno na gÐnetai emfanèstero gia meglo
mpozonikì plhjusmì), en¸ sth deÔterh perÐptwsh h sumperifor eÐnai  pia, dhlad  qwrÐc apìtoma
topik elqista   mègista.
Ta peiramatik dedomèna sth perioq  twn isotìnwn N = 90, ta kalÔtera empeirik paradeÐgmata
gia thn Q(5) [98, 99, 104, 105, 172], ekdhl¸noun èna kajarì mègisto akrib¸c prin to N = 90,
ìpwc prgmati faÐnetai sthn eikìna 3.6(a), se sumfwnÐa me thn anamenìmenh sumperifor gia mia
metabol c fshc pr¸thc txhc. Apì thn llh, ta peiramatik dedomèna gÔrw apì to 134Ba, to
kalÔtero pardeigma gia thn E(5) [64, 172], deÐqnoun sthn eikìna 5(b) thn  pia sumperifor pou
anamènetai gia mia metabol  fshc deÔterhc txhc.
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Sq ma 3.6: (a) O peiramatikìc lìgoc E(6+1 )/E(0
+
2 ) sunart sei tou arijmoÔ netronÐwn gia ta isìtopa
twn Nd, Sm, Gd, kai Dy. (b) To autì gia ta isìtopa twn Xe kai Ba. Gia mikrìterouc arijmoÔc
netronÐwn, h katstash 0+3 lambanìtan upìyh ston lìgo, an oi dikèc thc diaspseic B(E2)  tan
sumbatèc me katstash  = N   2. Autì antistoiqeÐ se N=74 sto Xe kai N=76,78 sto Ba. O
netrìnikìc arijmìc tou sjènouc (opèc) auxnei proc sta arister.
3.7 Exèlixh morf¸n sth pleur U(5)-SU(3)
Sthn pleur U(5)-SU(3), h opoÐa antistoiqeÐ se  =  p7=2, to krÐsimo shmeÐo brÐsketai sto [159]
crit = 16N=(34N   27). Sthn paroÔsa perÐptwsh, ìpou N = 250, èqoume crit = 0:4721. Sto
pÐnaka 3.9 faÐnontai diforec posìthtec, ìpwc oi energeiakoÐ lìgoi 03=02, 04=02, 05=02, R4=2 =
E(41) E(01)
E(21) E(01) , R =
E(4) E(0)
E(2) E(0) , kai h energeiak  diafor 2   0 kanonikopoihmènh sth E(2
+
1 ).
'Eqoun jèsh ta paraktw sqìlia.
1) Oi energeiakoÐ lìgoi 03=02, 04=02, 05=02 deÐqnoun èna apìtomo mègisto akrib¸c sto krÐsimo
shmeÐo, epomènwc eÐnai kaloÐ shmatodìtec thc krÐsimhc sumperiforc. Akìmh, sta ìria U(5) kai
SU(3) ekdhl¸noun perÐpou grammik  aÔxhsh (2, 3, 4), ìpwc anamènetai apì ton pÐnaka 3.1 .
2) H diafor 2 0 ekdhl¸nei apìtomo mègisto amèswc met to krÐsimo shmeÐo. 'Ara den apoteleÐ
èkplhxh to gegonìc ìti o R deÐqnei elqisto amèswc prin to krÐsimo shmeÐo. Amfìteroi oi dÔo
lìgoi R4=2 kai R plhsizoun thn oriak  tim  2.0 kont sthn U(5), kai thn antÐstoiqh tim  3.333
kont sthn SU(3), ìpwc anamènetai. Autèc oi timèc epibi¸noun arket se ìlo to monopti proc to
krÐsimo shmeÐo, anadÔontac to fainìmeno thc hmi-dunamik c summetrÐac (quasidynamical symmetry),
ìpwc èqei  dh suzhthjeÐ sthn [141].
3.8 Exèlixh twn morf¸n sth pleur U(5)-O(6)
'Opwc anafèrjhke parapnw, kat m koc thc pleurc U(5)-O(6) ( = 0), kai gia N = 250, h
 paÐrnei thn tim  crit = 0:502 . Oi posìthtec (kanonikopoihmènec sth E(2
+
1 )) 03=02, 04=02,
R4=2 =
E(41) E(01)
E(21) E(01) , R =
E(4) E(0)
E(2) E(0) , kai 2 0 , parousizontai ston pÐnaka 3.10 . 'Eqoun jèsh
ta paraktw sqìlia.
1) Oi energeiakoÐ lìgoi 03=02 kai 04=02 deÐqnoun èna mègisto akrib¸c met to krÐsimo shmeÐo.
Ta mègista paramènoun kaloÐ shmatodìtec thc krÐsimhc sumperiforc, an eÐnai kat polÔ ligìtero
apìtoma se sÔgkrish me th perÐptwsh U(5)-SU(3), ìpwc llwste anamènetai, afoÔ sth paroÔsa
perÐptwsh h metatrop  fshc eÐnai deÔterhc kai ìqi pr¸thc txhc. Se amfìtera ta ìria U(5) kai
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O(6) ekdhl¸noun perÐpou grammik  aÔxhsh (2, 3), ìpwc anamènetai apì ton pÐnaka 3.2 .
2) Sta 2   0 kai R èqei lhfjeÐ upìyh ìti oi 0+2 kai 0+3 sunantioÔntai sto  = 0:5181, ìpwc
faÐnetai ston pÐnaka 3.7 kai to edfio 2.5.4 . Ktw apì to  = 0:5181, h z¸nh 1 antapokrÐnetai
sto  = 2, en¸ pnw apì to  = 0:5181 antapokrÐnetai sto  = 1.
3) Oi 2   0 , R4=2, kai R ekdhl¸noun mian apìtomh aÔxhsh sth geitoni tou krÐsimou shmeÐou,
all ìqi mègista. Aut  eÐnai h anamenìmenh sumperifor gia mia metabol  fshc deÔterhc txhc.
O lìgoc R4=2 proseggÐzei thn oriak  tim  2.0 kont sthn U(5), kai thn oriak  tim  2.5 kont sthn
O(6), ìpwc anamènetai.
O R plhsizei thn oriak  tim  2.0 kont sthn U(5), kai thn oriak  tim  2.2 kont sthn O(6),
ìpwc anamènetai, lambnontac upìyh sthn teleutaÐa ìti oi 4 , 2 , kai 0 eÐnai ekfulismènec me tic
katastseic 101, 81, kai 61 antÐstoiqa. Oi en lìgw timèc epibi¸noun arket sto monopti pou odhgeÐ
sto krÐsimo shmeÐo, antanakl¸ntac ètsi thn antÐstoiqh hmi-dunamik  summetrÐa (quasidynamical
symmetry), ìpwc èqei  dh analujeÐ stic [167, 168].
3.9 En katakleÐdi
En katakleÐdi, sto ìrio tou meglou mpozonikoÔ plhjusmoÔ sto IBM apokalÔptontai pollèc kanoni-
kìthtec gia tic katastseic 0+. H sumperifor twn eggÔterwn 0+ sto krÐsimo shmeÐo thc metabol c
fshc pr¸thc txhc eÐnai polÔ kont sthn antÐstoiqh sumperifor twn 0+ pou lambnontai apì tic
summetrÐec krÐsimou shmeÐou sth qamiltonian  tou Bohr. Oi ekfulismoÐ twn 0+ me katastseic mh
mhdenik c stroform c, faÐnetai ìti qarakthrÐzoun thn perioq  sunÔparxhc fsewn, h opoÐa diaqw-
rÐzei th sfairik  apì thn paramorfwmènh sumperifor. AntÐjeta, oi lìgoi energeiak¸n zeug¸n apì
tètoiec katastseic ìpwc o E(6+1 )=E(0
+
2 ), leitourgoÔn wc parmetroi gia to diaqwrismì thc pr¸thc
apì th deÔterh txh. 'Oloi oi anaferjèntec ekfulismoÐ kaloÔn gia th diereÔnhsh thc upobìskousac
summetrÐac pou touc genn.
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PÐnakac 3.6: Oi probleyeic tou ESD [184] sto shmeÐo 0+2 = 6
+
1 (
4
0 + 3C = 4) sugkrinìmenec me
tic ektim seic twn protÔpwn Q(5)-6 [87], Q(5)-8 [87], kai Q(5) [36], ìpwc epÐshc kai me autèc thc
arijmhtik c lÔshc tou Caprio [169] gia a = 150, 200.
L ES-D L ES-D L 6 L 6
0 0.000 01 0.000 0 0.000 01 0.000
2 1.000 2 1.000
4 2.939 4 2.824
6 5.372 02 5.372 6 5.125 02 4.816
8 8.058 8 7.777
10 10.882 03 10.745 10 10.721 03 10.823
12 13.786 12 13.922
14 16.740 04 16.117 14 17.359 04 17.831
16 19.729 16 21.013
18 22.740 05 21.489 18 24.871 05
20 25.769 20 28.923
L 8 L 8 L Q(5) L Q(5)
0 0.000 01 0.000 0 0.000 01 0.000
2 1.000 2 1.000
4 2.852 4 2.904
6 5.230 02 5.091 6 5.430 02 5.649
8 8.015 8 8.483
10 11.151 03 11.758 10 12.027 03 14.119
12 14.605 16.041
14 18.355 04 19.781 20.514 04 25.414
16 22.383 25.437
18 26.677 05 30.804 05
20 31.225 36.611
L 150 L 150 L 200 L 200
0 0.00 01 0.00 0 0.00 01 0.00
2 1.00 2 1.00
4 2.64 4 2.76
6 4.72 02 4.83 6 5.06 02 5.66
8 7.17 8 7.79
10 9.94 03 8.70 10 10.90 03 10.94
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PÐnakac 3.7: Ektim seic gia to shmeÐo 0+2 = 6
+
1 sthn pleur U(5)-O(6) mèsw tou IBM (N = 250,
 = 0:5181,  = 0), tou protÔpou E(5)-D (40 = 10), kai tou O(5)-CBS [54] (r = 0:171). Oi
L(L+ 12) deÐqnontai epÐshc gia lìgouc sÔgkrishc.
L L(L+ 12) IBA L IBA L E(5)-D L E(5)-D L CBS L CBS
0 0.000 0.000 01 0.000 0 0.000 01 0.000 0 0.000 01 0.000
2 1.000 1.000 2 1.000 2 1.000
4 2.286 2.288 4 2.291 4 2.279
6 3.857 3.815 02 3.815 6 3.766 02 3.766 6 3.778 02 3.778
8 5.714 5.546 8 5.355
10 7.857 7.457 03 8.122 10 7.020 03 7.531
12 10.286 9.533 12 8.735
14 13.000 11.758 04 13.075 14 10.486 04 11.297
16 16.000 14.122 16 12.262
18 19.286 16.615 18 14.057 05 15.062
20 22.857 19.230 20 15.866
PÐnakac 3.8: Ektim seic tou E(5)-4 [52, 53, 41], kai tou IBM me N = 250 sthn pleur U(5)-O(6)
( = 0) gia  = 0:4975 kai gia crit = 0:502.
L 4 0.4975 0.502 L 4 0.4975 0.502
 = 1  = 2
0 0.000 0.000 0.000 0 2.390 2.384 2.516
2 1.000 1.000 1.000 2 3.625 3.628 3.815
4 2.093 2.102 2.128 4 4.918 4.940 5.194
6 3.265 3.291 3.364 6 6.266 6.314 6.650
8 4.508 4.559 4.695 8 7.666 7.749 8.178
10 5.813 5.898 6.112 10 9.115 9.241
12 7.176 7.303 7.608  = 3
14 8.592 8.769 9.177 0 5.153 5.158 5.484
16 10.057 10.292 2 6.563 6.587 7.006
18 11.569 11.870 12.515 4 8.015 8.067 8.587
20 13.124 13.499 6 9.509 9.569 10.227
 = 4 8 11.043 11.174
0 8.213 8.246 8.821 10 12.617 12.801
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PÐnakac 3.9: H exèlixh twn 03=02, 04=02, 05=02, R4=2 =
E(41) E(01)
E(21) E(01) , 2   0 , R =
E(4) E(0)
E(2) E(0)
kat m koc thc pleurc U(5)-SU(3) ( =  p7=2), gia N=250 sto trÐgwno summetri¸n tou IBM.
 03=02 04=02 05=02 R4=2 2   0 R
0.1 2.001 3.005 4.007 2.0003 1.001 2.001
0.2 2.002 3.015 4.021 2.0006 1.002 2.007
0.3 2.003 3.047 4.055 2.0002 1.003 2.026
0.35 2.003 1.999 1.002 2.059
0.4 2.003 3.232 4.219 1.991 0.999 2.157
0.425 2.010 1.977 0.993 2.303
0.45 2.167 3.581 4.691 1.925 0.999 2.633
0.46 2.410 1.847 1.119 2.415
0.47 2.667 4.712 7.090 1.557 2.878 2.259
0.4721 4.020 7.660 11.971 2.553 5.191 1.710
0.4725 3.241 6.127 9.539 2.827 6.048 1.697
0.473 2.482 4.615 7.127 3.041 6.362 1.705
0.474 1.699 3.024 3.218 5.326 1.811
0.475 1.415 2.359 3.274 3.485 2.125
0.48 1.812 2.232 3.320 1.298 3.278
0.5 1.961 2.880 3.752 3.331 1.082 3.329
0.55 1.985 2.955 3.909 3.333 1.028 3.333
0.6 1.990 2.783 3.756 3.333 1.016 3.332
0.7 1.992 2.434 3.415 3.333 1.006 3.336
0.8 1.993 2.980 3.960 3.333 1.004 3.332
0.9 1.994 2.981 3.962 3.333 1.001 3.334
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PÐnakac 3.10: H exèlixh twn lìgwn 03=02, 04=02, R4=2 =
E(41) E(01)
E(21) E(01) , 2   0 , R =
E(4) E(0)
E(2) E(0)
kata m koc thc pleurc U(5)-O(6) ( = 0) tou trig¸nou summetri¸n tou IBM N=250.
 03=02 04=02 R4=2 2   0 R
0.1 2.001 3.003 2.001 1.001 2.000
0.2 2.003 3.009 2.001 1.003 2.001
0.3 2.007 3.021 2.003 1.007 2.003
0.4 2.021 3.061 2.009 1.022 2.007
0.45 2.048 3.141 2.020 1.052 2.017
0.46 2.060 3.174 2.026 1.067 2.021
0.47 2.077 3.221 2.034 1.088 2.026
0.48 2.101 3.287 2.048 1.122 2.033
0.49 2.134 3.378 2.072 1.178 2.043
0.4925 2.144 3.404
0.4950 2.154 3.432 2.090 1.220 2.049
0.4975 2.164 3.459 2.102 1.244 2.055
0.500 2.173 3.486
0.502 2.180 3.506 2.128 1.299 2.062
0.51 2.186 3.541 2.195 1.421 2.086
0.52 2.106 3.374 2.312 1.793 2.110
0.525 2.037 3.202 2.368 1.954 2.125
0.527 2.010 3.131 2.388 2.015 2.130
0.53 1.977 3.031 2.413 2.097 2.139
0.55 1.940 2.820 2.482 2.387 2.177
0.6 2.498 2.488 2.196
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Keflaio 4
Anaskìphsh sto plaÐsio thc
jewrÐac omdwn
'O,ti prohg jhke met thn eisagwg  tou protÔpou twn allhlepidr¸ntwn mpozonÐwn,  tan h arijmh-
tik  melèth thc krÐsimhc perioq c tou IBM kai twn antÐstoiqwn lÔsewn thc qamiltonian c tou Bohr
sta krÐsima shmeÐa. H enopoÐhsh twn jewri¸n pou perigrfoun ta ekstote fusik sust mata apo-
teleÐ mia pgia mèjodo ergasÐac sth fusik . Me afethrÐa tic shmnseic thc arijmhtik c mejìdou,
se autì to mikrì keflaio suzhttai pijanì koinì jewrhtikì upìbajro twn diafìrwn lÔsewn thc
qamiltonian c tou Bohr kai twn antÐstoiqwn orÐwn tou IBM sto plaÐsio thc jewrÐac omdwn. H
enopoÐhsh paramènei èna anoiqtì prìblhma.
4.1 Sustolèc
To prìtupo twn allhlepidr¸ntwn mpozonÐwn (IBM) [14] filoxeneÐ treic alusÐdec algebr¸n
U(6)  U(5)  O(5)  SO(3)  SO(2); IBM  I; (4.1)
U(6)  SU(3)  SO(3)  SO(2); IBM  II; (4.2)
U(6)  O(6)  O(5)  SO(3)  SO(2); IBM  III; (4.3)
pou anafèrontai kai wc ìria U(5), SU(3), O(6) antÐstoiqa, kai antapokrÐnontai se donhtikoÔc,
peristrofikoÔc kai astajeÐc kat  pur nec.
Apì thn llh, to prìtupo tou Bohr (BM) [37] epÐshc filoxeneÐ treic alusÐdec upoalgebr¸n
[173, 174, 175],
[HW(5)]U(5)  U(5)  O(5)  SO(3)  SO(2); BM  I; (4.4)
[HW(5)]U(5)  [R5]SO(5)  [R5]SO(3)  SO(3)  SO(2); BM  II; (4.5)
[HW(5)]U(5)  [R5]O(5)  O(5)  SO(3)  SO(2); BM  III (4.6)
ìpou HW(5) eÐnai h omda Heisenberg{Weyl tou 5-distatou armonikoÔ talantwt , kai h [R5]O(5)
genntai apì touc genn torec thc O(5) kai tic 5 suntetagmènec.
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Oi treic alusÐdec ed¸ antapokrÐnontai se sfairikì armonikì talantwt , sumpag  peristrofèa
kai to prìtupo tou eustajoÔc kat , astajoÔc kat  pur na twn Wilets kai Jean [38] antÐstoiqa.
Oi alusÐdec tou IBM sustèllontai stic antÐstoiqec twn BM mèsw twn sustol¸n _In}on}u{Wigner
[176] me touc akìloujouc trìpouc:
1) H IBM-I sustèlletai sth BM-I mèsw thc U(6)![HW(5)]U(5) [174].
2) H IBM-II sustèlletai sth BM-II mèsw thc SU(3)![R5]SO(3) [173, 177], ìpou h [R5]SO(3)
eÐnai h lgebra tou sumpagoÔc peristrofèa [178], pou genntai apì touc telestèc thc SO(3) kai tic
5 suntetagmènec.
3) H IBM-III sustèlletai sth BM-III mèsw thc O(6)![R5]SO(5) [179, 180].
H [R5]SO(5) diafèrei apì thn eukleÐdia lgebra E(5)=T5sSO(5) [97], me th pr¸th na genntai
apì touc telestèc thc SO(5) kai tic suntetagmènec, kai th deÔterh na genntai apì touc telestèc
thc SO(5) kai tic ormèc [181]. Oi mh anagwgÐsimec anaparastseic touc eÐnai ìmoiec [179, 182].
4.2 E(5)
Sto prìtupo E(5) [35], qrhsimopoieÐtai h lgebra E(5)=T5sSO(5) [181]. O qwrismìc twn me-
tablht¸n eÐnai akrib c, efìson to dunamikì exarttai monqa apì th metablht   kai ìqi th .
Met to qwrismì twn metablht¸n, h aktinik  exÐswsh perièqei èna fugìkentro ìro ( + 3)=2,
ìpou ( + 3) oi idiotimèc tou telest  Casimir thc SO(5) [38]. ApousÐa dunamikoÔ,   isodÔnama
parousÐa enìc peirou tetragwnikoÔ phgadioÔ (me ìlouc touc telestèc na periorÐzontai sthn perioq 
apousÐac dunamikoÔ) oi genn torec thc T5 kai SO(5) metatÐjentai me th qamiltonian  exaitÐac thc
omoiogèneiac kai isotropÐac tou 5-distatou q¸rou, kai epomènwc anagnwrÐzontai wc oi telestèc
Casimir thc E(5) [181]. AxÐzei na shmeiwjeÐ ìti en¸ h O(6) thc alusÐdac IBM-III sustèlletai
sthn [R5]SO(5) thc BM-III, h antÐstoiqh summetrÐa tou krÐsimou shmeÐou sto plaÐsio twn BM eÐnai
h T5sSO(5). Prgmati ìpwc faÐnetai sthn [145], to pl rec sÔnolo twn idiotim¸n enèrgeiac tou
protÔpou E(5) kai thc T5sSO(5) sumpÐptoun pl rwc.
4.3 Q(5)
Ja akoloujhjoÔn ta Ðdia b mata gia thn perÐptwsh tou protÔpou Q(5) [36]. Dedomènou ìti sthn
Q(5) o qwrismìc twn metablht¸n eÐnai kat prosèggish, antÐ autoÔ ja analujeÐ to prìtupo ES-X(5)
[94], ìpou o qwrismìc twn metablht¸n eÐnai akrib c. Met to qwrismì twn metablht¸n h aktinik 
exÐswsh perièqei èna fugìkentro ìro L(L + 1)3=2, me L(L + 1) na eÐnai oi idiotimèc tou telest 
Casimir deÔterhc txhc thc SO(3). Perièqei epÐshc ton ìro =2, ìpou  h stajer qwrismoÔ eÐnai
 = 3c(n + 1)  K2=3. Ta apotelèsmata thc Q(5) anapargontai pl rwc gia  = 0, dhlad  gia
c = 0 kai K = 0, me thn pr¸th na eÐnai problhmatik , kaj¸c prokeimènou na epiteuqjeÐ o qwrismìc
twn metablht¸n ègine h upìjesh ìti to dunamikì eÐnai thc morf c u() = (3c)22=2 kai mlista me
toiq¸mata pou auxnoun apìtoma. An den up rqe autì to prìblhma, tìte sthn perÐptwsh mhdenikoÔ
dunamikoÔ ,   enìc peirou tetragwnikoÔ phgadioÔ sth metablht   (xan, me ìlouc touc telestèc
na periorÐzontai sth perioq  ìpou to dunamikì eÐnai mhdenikì), ja anèmene kaneÐc th metjesh twn
gennhtìrwn thc T5 kai thc SO(3), exaitÐac thc omoiogèneiac tou q¸rou twn 5 diastsewn kai
thc isotropÐac tou q¸rou twn 3 diastsewn. To ES-X(5) tìte ja mporoÔse na anagnwristeÐ wc
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T5sSO(3).
'Opwc anafèrjhke parapnw, h SU(3) thc alusÐdac IBM-II sustèlletai sthn [R5]SO(3) thc
BM-II. Se pl rh analogÐa, anamènetai h antÐstoiqh summetrÐa krÐsimou shmeÐou sto plaÐsio tou
BM na eÐnai T5sSO(3). Wstìso to epiqeÐrhma autì de faÐnetai na stèkei, kaj¸c to 1=2 den eÐnai
analloÐwto wc proc tic metatopÐseic [179, 181]. 'Omwc, gia L = 0 o fugìkentroc ìroc apousizei kai
se aut  thn perÐptwsh anakaleÐtai h egkurìtht tou. Autì to sumpèrasma brÐsketai se sumfwnÐa
me ta eur mata thc [145], ìpou oi katastseic me L = 0 èqoun brejeÐ na ikanopoioÔn th summetrÐa
E(5)=T5sSO(5) kai epomènwc th summetrÐa thc upolgebrc thc, T5sSO(3).
4.4 Q(3)
Ta sumpersmata aut faÐnetai na endunam¸nontai apì thn anlush tou protÔpou Q(3) [96], ìpou
o qwrismìc twn metablht¸n eÐnai akrib c. Met to qwrismì twn metablht¸n, h aktinik  exÐswsh
perièqei èna fugìkentro ìro L(L+1)3=2, ìpou L(L+1) oi idiotimèc tou telest  Casimir deÔterhc
txhc thc SO(3). Tìte h metjesh twn gennhtìrwn thc T3 kai thc SO(3) me th qamiltonian  eÐnai
anamenìmenh, lìgw thc omoiogèneiac kai thc isotropÐac tou q¸rou twn 3 diastsewn. H Q(3) ja
mporoÔse tìte na anagnwristeÐ wc h T3sSO(3), dhlad  h E(3). Wstìso ìpwc kai sthn [145], èna
tètoio sumpèrasma eÐnai ègkuro monqa gia L = 0.
4.5 E(5)-D
Ed¸ ja suzhthjeÐ h qr sh tou dunamikoÔ Davidson sto prìtupo tou Bohr. 'Opwc anafèretai sthn
[183], h qamiltonian  tou Bohr gia thn perÐptwsh thc astjeiac kat  me to dunamikì Davidson
qarakthrÐzetai apì th summetrÐa SU(1,1)SO(5). Akìmh, ìpwc anafèrjhke parapnw, to dunamikì
Davidson dÐnei grammik  aÔxhsh gia tic stjmec 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n (bandheads).
'Ara den prèpei na apoteleÐ èkplhxh to gegonìc ìti h qr sh tou dunamikoÔ Davidson kajist efikt 
thn prosèggish amfotèrwn twn orÐwn, thc donhtik c sumperiforc gia 0 = 0 kai thc astajoÔc
kat  gia 0 ! 1, afoÔ kai ta dÔo moirzontai thn upolgebra SO(5). Ta antÐstoiqa ìria tou
IBM, U(5) kai O(6), epÐshc odhgoÔn (gia meglo mpozonikì plhjusmì N) se mia grammik  aÔxhsh
twn stajm¸n 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n bandheads, ìpwc faÐnetai sto edfio 3.4 .
Se antÐjesh me ta parapnw, to dunamikì Davidson de mporeÐ na d¸sei to krÐsimo shmeÐo thc
antÐstoiqhc metatrop c fshc gia opoiad pote tim  twn paramètrwn, kaj¸c h sumperifor twn
stajm¸n 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n bandheads de sumfwneÐ me ekeÐnh tou krÐsimou shmeÐou.
H diapÐstwsh aut  brÐsketai se sumfwnÐa me ta eur mata twn [52, 53], sÔmfwna me ta opoÐa to
krÐsimo shmeÐo thc metabol c fshc deÔterhc txhc U(5)-O(6) antapokrÐnetai sto prìtupo E(5)-4.
EpÐshc brÐsketai se sumfwnÐa me tic parathr seic thc [49], ìpou h E(5) anadÔetai apì to dunamikì
Davidson monqa mèsw thc mejìdou twn metabol¸n kai odhgeÐ se diaforetik  tim  thc paramètrou
0 gia kje tim  tou L. En antijèsei, to O(5)-CBS dÐnei to E(5) sto ìrio tou r = 0, all sto
ìrio tou r ! 1 (exairetik stenì phgdi) pargei fsma twn 0+ anlogo tou n(n + 2), to opoÐo
de brÐsketai se sumfwnÐa me thn O(6) gia megla N.
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4.6 ESD
Parìmoia sqìlia efarmìzontai kai sth qr sh tou dunamikoÔ Davidson sthn perÐptwsh   0, dhlad 
sto prìtupo ES-D [184]. Sta ìria 0 = 0 kai 0 !1, lambnontai antÐstoiqa to prìtupo Q(5)-2
[87] kai to prìtupo tou sumpagoÔc peristrofèa. To pr¸to ekdhl¸nei èna grammikì fsma gia tic
stjmec 0+ oi opoÐec eÐnai epikefaleÐc zwn¸n (bandheads) lìgw tou donhtikoÔ dunamikoÔ, en¸ to
deÔtero antistoiqeÐ sto ìrio thc SU(3) tou IBM gia megla N, to opoÐo ìpwc èqei  dh faneÐ apì
to edfio 3.4, epÐshc ekdhl¸nei grammikì fsma gia tic 0+.
Sto krÐsimo shmeÐo anamènetai fsma tÔpou n(n+3) gia tic katastseic 0+, ìpwc kai sthn Q(5).
To en lìgw fsma den eÐnai efiktì na gennhjeÐ apì to dunamikì Davidson gia opoiad pote tim  tou
0, all monqa apì mia diadikasÐa metabol¸n pou odhgeÐ se diaforetik  tim  gia to 0 gia kje
L [49]. To krÐsimo shmeÐo epÐshc proseggÐzetai apì thn oikogèneia twn protÔpwn Q(5)-2m [87],
h opoÐa perièqei dunamik ta opoÐa proseggÐzoun bajmiaÐa to peiro phgdi dunamikoÔ gia meglo
n. Se antÐjesh, to CBS dÐnei to Q(5) sto ìrio tou r = 0, all sto ìrio tou r ! 1 (exairetik
stenì phgdi) genn gia tic 0+ sumperifor tÔpou n(n+ 2), h opoÐa den brÐsketai se sumfwnÐa me
thn SU(3) gia meglo N.
4.7 Sumpersmata
Apì ta parapnw faÐnetai ìti:
1) H majhmatik  fÔsh thc summetrÐac krÐsimou shmeÐou Q(5) paramènei gnwsth.
2) Den èqei brejeÐ akìmh lÔsh thc qamiltonian c tou Bohr ikan  na perigryei th krÐsimh perioq 
ìpwc epÐshc kai tic perioqèc pou th periblloun.
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Sumpersmata
Sthn ergasÐa aut  melet jhkan arijmhtik oi allagèc fshc/sq matoc sta plaÐsia tou Interacting
Boson Model, estizontac thn prosoq  se ekfulismoÔc pou parousizontai stic perioqèc autèc kai
ston entopismì summetri¸n pou oi ekfulismoÐ autoÐ upokrÔptoun.
Oi allagèc fshc/sq matoc èqoun proselkÔsei idiaÐtero endiafèron thn teleutaÐa dekaetÐa, mia
kai emfanÐzontai sta plaÐsia tìso tou algebrikoÔ Interacting Boson Model (prìtupo allhlepi-
dr¸ntwn mpozonÐwn), ìso kai tou sullogikoÔ protÔpou tou Bohr, pou apoteloÔn dÔo sumplhrw-
matikoÔc trìpouc perigraf c thc dom c twn atomik¸n pur nwn, oi opoÐoi parousizoun poikilÐa
sqhmtwn kai dom¸n, apì sfairikoÔc (donhtikoÔc) mèqri elleiyoeideÐc ek peristrof c (paramor-
fwmènouc) pur nec, kaj¸c kai pur nec epirrepeÐc se triaxonikèc paramorf¸seic (g-astajeÐc). Oi
allagèc fshc/sq matoc prokÔptoun wc apotèlesma thc bajmiaÐac prìsjeshc zeug¸n netronÐwn
stouc atomikoÔc pur nec kai èqoun epibebaiwjeÐ peiramatik.
Oi jemeli¸deic ènnoiec thc purhnik c dom c kai ta basik prìtupa perigrfthkan sto pr¸to
keflaio. Allagèc fshc/sq matoc melet jhkan sta plaÐsia tou sullogikoÔ protÔpou tou Bohr
sto deÔtero keflaio, en¸ sto trÐto keflaio melet jhkan sta plaÐsia tou Interacting Boson Model.
Oi arijmhtikoÐ upologismoÐ èginan me qr sh tou k¸dika IBAR, o opoÐoc anaptÔqjhke prìsfata sto
Panepist mio Yale kai epitrèpei upologismoÔc gia meglouc (mèqri 400) arijmoÔc mpozonÐwn, pou
eÐnai aparaÐthtoi gia th melèth aut¸n twn fainomènwn. Mia sÔntomh episkìphsh thc algebrik c
dom c twn sqetik¸n protÔpwn ègine sto tètarto keflaio, me skopì ton entopismì problhmtwn
pou paramènoun anoiqt.
Ta spoudaiìtera apotelèsmata sthn krÐsimh perioq  tou Interacting Boson Model sunoyÐzontai
wc ex c:
1) Oi katastseic 0+ emfanÐzoun kanonik  sumperifor (aÔxhsh wc n(n + 3), ìpou n h txh
touc), Ðdia me aut  pou entopÐsthke analutik sta plaÐsia twn summetri¸n krÐsimou shmeÐou thc
Qamiltwnian c tou Bohr kai diaforetik  apì thn grammik  aÔxhsh pou emfanÐzetai stic gnwstèc
summetrÐec tou Interacting Boson Model.
2) Epiplèon autèc oi katastseic 0+ emfanÐzoun ekfulismoÔc me katastseic thc z¸nhc thc
jemeli¸douc katstashc me stroformèc L > 4 kai L=2 perittì arijmì (E(0+2 ) = E(6
+
1 ), E(0
+
3 ) =
E(10+1 ), E(0
+
4 ) = E(14
+
1 ), k.o.k.).
3) Epiprosjètwc o lìgoc E(6+1 )=E(0
+
2 ) mporeÐ na qrhsimopoihjeÐ wc (eÔkola metr simh) par-
metroc txhc pou mporeÐ na knei dikrish anmesa se allagèc sq matoc/fshc pr¸thc kai deÔterhc
txhc.
'Ena shmantikì prìblhma pou paramènei luto eÐnai h fÔsh thc summetrÐac krÐsimou shmeÐou X(5),
h opoÐa qarakthrÐzei thn allag  fshc/sq matoc metaxÔ sfairik¸n kai elleiyoeid¸n ek peristrof c
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pur nwn.
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